WEYL-SCHOUTEN THEOREM FOR SYMMETRIC SPACES 

CS ' Y.NIKOLAYEVSKY 

Abstract. Let Mq be a symmetric space of dimension n > 5 whose de Rham decomposition contains 

no factors of constant curvature and let Wo be the Weyl tensor of Mo at some point. We prove that a 

f^J ■ Riemannian manifold M whose Weyl tensor at every point is a positive multiple of Wo is conformally 

QJ ' equivalent to Mq (the case Mo = 1" is the Weyl-Schouten Theorem). 
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1. Introduction 



In this paper we generalise the classical Weyl-Schouten Theorem to the case when the model space 
is a Riemannian symmetric space and also consider the notion of curvature homogeneity in terms of the 
ri . Weyl conformal curvature tensor. 

A smooth Riemannian manifold M n is called curvature homogeneous, if for any two points x, y € M™, 
there exists a linear isometry l : T x M n — > T y M n which maps the curvature tensor of M n at x to the 
curvature tensor of M n at y. A smooth Riemannian manifold M n is modelled on a homogeneous space 
Mo, if for every point x G M n , there exists a linear isometry t : T x M n — > T Mq which maps the 
curvature tensor of M™ at x to the curvature tensor of Mq at o € Mq (the manifold M n is then auto- 
matically curvature homogeneous). The term "curvature homogeneous" was introduced by F.Tricerri 
and L.Vanhecke in 1986 [TV]; for the current state of knowledge the reader is referred to [Gil]. 

Definition. A smooth Riemannian manifold M n is called Weyl homogeneous, if for any x,y € M n , there 
exists a linear isometry i : T x M n —> T y M n which maps the Weyl tensor of M n at x to a positive multiple 



of the Weyl tensor of M n at y. A smooth Weyl homogeneous Riemannian manifold M" is modelled on 



a homogeneous space Mo, if for every point x € M n , there exists a linear isometry i : T x M n — > T Ma 
which maps the Weyl tensor of M n at x to a positive multiple of the Weyl tensor of Mq at o € Mq. 

In the latter case, we say that M n has the same Weyl tensor as Mq. A Riemannian manifold which 
is conformally equivalent to a (model) homogeneous space is trivially Weyl homogeneous. One may ask 
if the converse is true, namely, 



% ■ 

is a Riemannian manifold having the same Weyl conformal curvature tensor as a ho- 
mogeneous space Mq locally conformally equivalent to Mq ? 

By the classical Weyl-Schouten Theorem, the answer is in positive, when Mq = R™, n > 4 (of course, 
the restriction dim Mo > 3 is implicitly assumed in the question). In general, however, the answer is in 
negative even for Weyl homogeneous manifolds modelled on symmetric spaces (see [Nl, Section 4], where 
an example from [BKV, Theorem 4.2] is discussed from the conformal point of view). Moreover, based on 
the existence of many examples of curvature homogeneous manifolds which are not locally homogeneous 
[Gil] one would most probably expect at least as many examples in the conformal settings. 

Nevertheless, the situation is not that hopeless, as a curvature homogeneous manifold modelled on a 
symmetric space is, in the most cases, locally isometric to its model space. More precisely, by [KTV, 
Corollary 10.3], this is true, provided the de Rham decomposition of the model space contains no product 
of the form M 2 (k) x E m , where M 2 (k) is a Riemannian manifold of dimension two of constant curvature 
k^O and m > 1. 

Our main result states that the picture in the conformal settings is somewhat similar: 
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Theorem. Let Mq be a Riemannian symmetric space of dimension n > 5 whose de Rham decomposition 
contains no factors of constant curvature. Then any smooth Weyl homogeneous Riemannian manifold 
modelled on Mo is locally conformally equivalent to Mq- 

In the earlier papers, the Theorem was established for Mo = CP m , m > 4 (and for its noncompact 
dual) [BG1], for rank-one symmetric spaces of dimension n > 4 [N3, Theorem 2], and for simple groups 
with a bi-invariant metric [Nl]. The dimension restriction in the Theorem excludes only the spaces CP 2 
and SU(3)/SO(3) and their duals. Note that the claim of the Theorem is false in the case Mq = CP 2 , as 
a four-dimensional Riemannian manifold having the same Weyl tensor as CP 2 is either self-dual or anti- 
sclf-dual by [BG2] and as there exist self-dual Kahler metrics on C 2 which are not locally conformally 
equivalent to any locally symmetric one [Der]. In the case Mo = SU(3)/SO(3), we show that at least 
the infinitesimal version of the Theorem (Proposition 1 in Section 2) is not satisfied (see Section 8). 

The paper is organised as follows. In Section 2 we give a brief introduction following the setup of 
[Nl] and then prove the Theorem with the help of Lie-algebraic Proposition 1. The rest of the paper 
(except for Section 8) is devoted to the proof of Proposition 1. In Section 3, we reduce the proof of 
Proposition 1 to the case when Mo is irreducible (Proposition 3). Further on, in Section 4, we prove 
Proposition 3 using three technical lemmas: Lemma 3, Lemma 4 (which covers the case rkMo > 3) and 
Lemma 5 (the case rkMo = 2). The former two are proved in Section 5, the latter one, in Section 6. 
The proof is completed in Section 7, where we consider the rank one spaces. In Section 8, the final one, 
we show that Proposition 1 is false for Mo = SU(3)/SO(3). 

2. Proof of the Theorem 

Let M n be a Riemannian manifold with the metric (•, •) and the Levi-Civita connection V. For vector 
fields X, Y define the field of a linear operator X AY by lowering the index of the corresponding bivector: 
(XAY)Z = (X,Z)Y-(Y,Z)X. The curvature tensor is defined by R(X, Y) = VxVy-VyVx-V [x ,y], 
where [X, Y] = VxY — VyX, and the Weyl conformal curvature tensor W, by 

(1) R(X,Y) = (pX)AY + X A{pY) + W{X,Y), 

where p = —^ Ric — ^ — ^ — ^id is the Schouten tensor, Ric is the Ricci operator and seal is the scalar 

r n — 2 2(n — l)(n— 2) ' ^ 

curvature. Denote W(X, Y, Z, V) — (W(X, Y)Z, V). We have the following easy lemma. 

Lemma 1 ([Nl, Lemma 1]). Suppose that M" is a Weyl homogeneous manifold with the metric (•, •)' 
modelled on a homogeneous space Mo with the Weyl tensor Wo 7^ 0. Choose a point o G Mo and an 
orthonormal basis Ei for T Mo- Then there exists a smooth metric (•, •) on M n conformally equivalent 
to (•, •)' such that for every x € M n , there exists a smooth orthonormal frame ei {relative to (•, •)) on a 
neighbourhood U = U{x) C M n satisfying W(ei, Cj, ek, ei)(y) — Wo(Ei, Ej,Ek, Ei), for all y £W. 

Remark 1. In our case, the condition Wo 7^ is satisfied, as otherwise Mq were locally isometric to one 
of the spaces M™, R x S 71 ' 1 ^), M x H n - 1 (- K ), S n - p (n) x H'p(-k), k > 0, < p < n [Kur], which 
would contradict the assumption that Mo has no factors of constant curvature. 

For the remainder of the proof, we assume that the metric on M" is chosen as in Lemma 1 and we 
will be proving that M n , with that metric, is locally isometric to the model space Mo- 

Let x £ M n and let e, be the orthonormal frame on the neighbourhood U of x introduced in Lemma 1. 
For every Z E T x M n , define the linear operator Kz (the connection operator) by 

(2) K z e t = V z e 4 , 

and extended to T x M n by linearity. As the basis e^ is orthonormal, Kz is skew-symmetric. For smooth 
vector fields X, Y on U, define the Cotton- York tensor (up to a constant multiple), by 

(3) $(Y, Y) = {V x p)Y - {V Y p)X, 
where p is the Schouten tensor (see (1)). Clearly $ is skew-symmetric and 

(4) o- XYZ mX,Y),Z)=Q, 

where <jxy z is the sum over the cyclic permutations of the triple {X, Y, Z). 
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Let Mo = G/H be the model symmetric space for M n , where G is the identity component of the full 
isometry group of Mq and H is the isotropy subgroup of o £ Mq , and let q = f) + m be the corresponding 
Cartan decomposition, where g and f) are the Lie algebras of G and H respectively, and m = T Mq. 
Denote R the curvature tensor of M at o, so that for X,Y,Ze T o M , Rq{X,Y)Z = -[[X,Y],Z] = 
— ad[x,y] Z. We denote ad(()) C so(m) the isotropy subalgebra of M at o. 

In the assumptions of Lemma 1, identify T x M n with T Mq via the linear isometry i mapping e^ to 
Ei. Define K and $ on m = T o M by the pull-back by t. 

Let Rico and scalo be the Ricci tensor and the scalar curvature of M (at o e M ), and let p = 
-^2 Ri c o ~ 2(k-i)(«-2) ^ ( sec (■*•))• Define the operator * : A 2 m — >• m by 

(5) ttpf, F) = $(X, Y) + \po, K X ]Y - [po, K Y ]X, 

where (here and below) the bracket of linear operators is the usual commutator. From (4) and the fact 
that [po,Kx] is symmetric it follows that 

(6) <j X yz{^{X,Y),Z) =0, for all X, Y, Z e m. 

Lemma 2 ([Nl, Lemma 2]). In the assumptions of Lemma 1, let Mq be a symmetric space. For x € M n , 
identify T x M n with m = T Mq via the linear isometry i mapping a to Ei. Define K and $ on T x M n 
by (2, 3) and on T Mq, by the pull-back by t, and define "f by (5). Then 

(7) a X Yz([&d [x . Y] , K z ] + ad [KxY _ KY x,z] +*(X, Y) A Z) = 0, 

(8) (V Z W)(X, Y) = [ad [x ,Y],Kz] + ^[k z x,y]-[k z y,x] +({po, K z ]X) A Y + X A ([p , K Z ]Y). 

Equation (7) is just the second Bianchi identity. Note that the expression for (VzW)(X, Y) given in 
[Nl, Eq. (8)] has an unfortunate typo (which affects neither the result, nor the proof); the correct form 
of the right-hand side is the one given in (8). 

We deduce the Theorem from the following proposition whose proof is given in Sections 3 and 4. 

Proposition 1. Let Mq = G/H be a Riemannian symmetric space of dimension n > 5 with no factors 
of constant curvature and let q = f)©m, m = T Mq, be the corresponding Cartan decomposition. Suppose 
that the maps K <G Hom(m,so(m)), K : Z >->• K z , and * e Hom(A 2 m,m), * : X AY ^ &(X,Y), 
satisfy (7) and (6), for all X,Y,Ze m. Then * = and K e Hom(m, ad(f))). 

Proof of the Theorem assuming Proposition 1. Let m = (B^LitTis, N > 1, be the orthogonal decompo- 
sition corresponding to the de Rham decomposition of Mq. From Proposition 1, K z € ad(f)), for all 
Z <G m, so the sum of the first two terms on the right-hand side of (8) vanishes. The same is true for the 
last two terms, as every m s is an invariant subspace of K z G ad(()) and as the restriction of po to each 
tn s is a multiple of the identity (as the irreducible factors are Einstein) . It then follows from (8) that 
VW = 0. By [Rot], as VW = 0, but W ^ (see Remark 1), the manifold M™ is locally symmetric. To 
prove that M n is locally isometric to Mq, it suffices to show that R — Rq. As the Weyl tensors of M n 
and Mq are equal, it suffices to show that p = po, by (1). 

For a symmetric operator A e Sym(m) define Sa & Sym(so(m)) by SaT = AT + TA, for T e so(ra). 
Viewing R, R and W as the elements of Sym(so(m)) we have R = W + S p and R = W + S po by (1). 
As the space M is symmetric, hence is locally a product of Einstein spaces, we have [R, S p ] — 0, so 
[W, S p ) = 0. Moreover, as WW = 0, we have R(T).W = 0, for all T € so(m), where R(T) is viewed as a 
differentiation of the tensor algebra. It follows that W(T).W + S P (T).W = 0. Denote r = p — po- As 
the above equations also hold for Mq, we get by linearity that [W, S T ] — and S T (T).W = 0. The later 
equation is equivalent to W([S T (T), N}) + [W(N),S T (T)] = 0, for all N, T e so(m), so we obtain that r 
satisfies the following equations: 

(9) [W, S T ] = 0, [W, ad Sx(T) ] = 0, for all T G so(m), 

where the brackets and ad are in sense of the Lie algebra g[(so(m)). 

Let s c so(m) be the Lie subalgebra generated by the subspace SV(so(m)) c so(m). Let e», i — 
1, . . . , n, be orthonormal eigenvectors of r, and \i be the corresponding eigenvalues. Then ei A ej is an 
eigenvector of 5 T , with the eigenvalue A^ + Aj. It follows that if Xi + Xj ^ 0, then e^Aej € S T (so(m)) C s. 
Moreover, as [ej A e^, e^ A ej] = — ej A ej, we obtain that e, A ej G s, if there exists k = 1, . . . ,n such that 
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both Xi + Afe and A& + Xj are nonzero. It follows that either t = 0, so p — po and we are done; or r has 
exactly two eigenvalues: A, of multiplicity p, and —A, of multiplicity q, with A =/= 0, p, q > 0, p + q = n, 
in which case s = so(p) (Bso(q) standardly embedded in so(m); or, in all the other cases, s = so(m). We 
show that the last two cases imply that W is a multiple of the identity on so(m). 

Indeed, from the second equation of (9), W commutes with adr, for all T G s. First, suppose that 
s = so(m). As the eigenspaces of an operator on an arbitrary Lie algebra, which commutes with all 
the ad's, are ideals and as so(m) is simple (since n > 5), we get W = cid so ( m ), for some c G K. Next, 
suppose that s — so(p) ® so(q), p, q > 0, p + q = n. By relabelling the eigenvectors, we can assume 
that the A-eigenspace of t is spanned by ei, . . . , e p and the (— A)-eigenspace, by e p +i, . . . , e n . Then the 
eigenvalues of S T are 2A, and — 2A, with the eigenspaces E 2 \ = so(p) = Span st<p (e s A e t ), E- 2 \ = 
so(q) = Span ab>p (e a A eb) and Eq — Span s<p<a (e s Ae a ), respectively. By the first equation of (9), these 
subspaces are IF-invariant. First suppose that p ^ 1,4. Then so(p) is either simple or one-dimensional, 
so, as the restriction of W to so(p) commutes with ad so( - p ), we obtain that W\ so i p \ = cid so ( p ). Then, as 
[e s A et, et A e a ] = — e s A e a , for s, t < p < a, and as W commutes with ad so( - p ) on the whole so(m), we 
get that W\e = cids - If p = 4, then so(p) is the direct sum of the ideals Si,S2 isomorphic to so(3) and 
we have W\ Sa — c a id^^ , a = 1, 2. As for all nonzero T € Si, the restriction of adr to Eq is nonsingular 
and as W commutes with adr, we obtain that W\E a = c\ ids Q . Applying the same argument to S2 we 
get c\ = C2 = c and W\e () = cids . Hence for all p ^ 1, we have W\E 2X ®E a = c'v^e 2X ®e - Interchanging 
p and q and using the fact that p + q = n > 6 we get W = cid so r m y 

It follows that W — cid B0( - m ), unless p = po. But then, as the "Ricci tensor" of the Weyl tensor 
vanishes, we have J^i W(X A e^e^ = 0, for all X e m. So c = 0, hence W — 0, which is a contradiction 
by Remark 1. 

This proves the Theorem assuming Proposition 1. □ 

3. Proof of Proposition 1: reducible case 

In this section and in the next section we prove Proposition 1. We start with the reducible case and 
prove the following proposition. 

Proposition 2. Let Mo be a reducible Riemannian symmetric space with no factors of constant curva- 
ture and let o € Mo- Let m = T Mq — @^—\Vn. s , N > 2, be the orthogonal decomposition corresponding 
to the de Rham decomposition of Mq. Suppose that the maps K e Hom(m,so(m)), K : Z 1-4 Kz, and 
* e Hom(A 2 m, m), $:lAy^f(I,r'), satisfy (6) and (7), for all X, Y, Z e m and that $ is defined 
by (5). Then 

1. * = $ = 0. 

2. K G Hom(m, ®^ =1 so(m s )) and for all s ^ r, s, r — 1, . . . , N , there exist linear maps P sr : m r — > \) s 
such that (Kz)\m B = &dp sr z, for Z G m r . 

Proposition 2 reduces the proof to the case when Mo is irreducible, which will be treated in Section 4. 
Indeed, if Mq is reducible, the claim of Proposition 1 follows from Proposition 2, except for the fact that 
for Z G m s , the restriction of Kz to m s belongs to ad(f) s ). But the projections of K to Hom(m s , so(m s )) 
and of \P to Hom(A 2 m s ,m s ) still satisfy (6) and (7), for all X,Y,Z G m s (compare to Remark 3 in 
Section 4), so the fact that (Kz)\ me G ad(f) s ) for Z G m s will follow from the proof of Proposition 1 for 
each irreducible factor separately. Note however, that a reducible Mo may have irreducible factors of 
dimension five or less, namely the spaces SU(3)/SO(3) and CP 2 and their duals. For these spaces as 
such, the claim of Proposition 1 is false; this follows from the dimension count for CP 2 and from the 
results of Section 8 for SU(3)/SO(3). However, if they appear as irreducible factors of a reducible space 
Mq, we additionally know that $ — by Proposition 2(1); then the claim of Proposition 1 is true, as 
we will show in Lemma 6(3) and in Section 7. 

Proof of Proposition 2. Let Mq = Yi s =i M s be the de Rham decomposition of Mq on the irreducible 
symmetric spaces M s such that T M S = m s . Denote R s the curvature tensor of M s and n s : m —¥ m s 
the orthogonal projection. 
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Choose X, Y £ m s , Z, V _L m s and act by the both sides of (7) on V. As for s ^ r, [m s ,m r ] = 
[[m, m r ],m s ] = and (m s ,m r ) = 0, we obtain after projecting to m s : 

(10) [[A, Y},w s K z V] + (tt(Y, Z), V)X + (tf (Z, X),V)Y - (Z, Y)tt s *(Y, Y) = 0. 

It follows that for any Z, V _L m s , Z _L V, the vector T = n s K z V £ m s satisfies R S (X, Y)T = (XAY)T', 
for any X, Y £ tn a , where T' £ m s is defined by (T\ X) = {$(Z, X), Y), for X £ m s . Now, if rkM s > 1, 
we can take X £ m s arbitrarily and then take Y £ m s to commute with X and to be nonproportional 
to X. This shows that T = 0, and therefore R S (X,Y)T = 0, for all A,Y e m s , so T = 0, as M s is 
irreducible and dimM s > 1. Suppose now that rkM s = 1. Then from the fact that M s is Einstein, it 
follows that T" = cT, for some nonzero constant c, so R S (X,Y)T = c(X A F)T. Moreover, assuming 
T 7^ 0, we get i? s (A, Y)Z = c(X A Y)Z, for all X, Y, Z £ m s , as the isotropy group acts transitively on 
the unit sphere of m s . It follows that M s has constant curvature, a contradiction. So in the both cases, 
T = T' = 0, that is, for any Z,71m s with Z _L V", we have n s K z V = and (*(Z, X), V) = 0, for all 
X £ m s . By linearity, there exist a s ,b s £ m s such that for all Z, V _L m s , we have TTsX^y = (Z, V)a s , 
and for all Z ± m s , X £ m s , V(Z,X) = tt s ^(Z,X) + (b s ,X)Z. Substituting this to (10) we obtain 
[[X, Y],a s ] + (b s ,X)Y — (b s ,Y)X — n s ^(X, Y) = 0. Moreover, as ^ is skew-symmetric, we get from the 
above that V(Z,X) = -\b r , Z)X + (b s ,X)Z, for X £ m s , Z £ m r , s ^ r, so by (6), ir r V(X,Y) = 0, for 
all X,Y £ m s , r ^ s. Thus there exist a s , b s £ m s , s = 1, . . . , N, such that 



(11) 



^{Z,X) = -(b r ,Z)X + (b s ,X)Z, X £m s , Z £m r , s ^ r, 
tt(-X-.Y) = [[X,F],a s ] + (6 S ,X)Y - (6 S ,F)X, X,Y e m s , 
7r s X z y = (Z,t/)a s , Z,yin s , 
TTri^zX = -{a s , X)Z X £ m s , Z £ m r , s ^ r, 



where the fourth equation follows from the third one and the fact that K z is skew-symmetric. 

Now take X,Y,V £ m s , Z £ m r , r ^ s, and act by the both sides of (7) on V. Projecting the 
resulting equation to m s and using (11) we get [[X, Y],tt s K z V] — tt s K z [[X, Y], V] — [[ir s K z Y, X],V) + 
l[7r s K z X, Y],V} + 2(a r , Z)[[X, Y], V] + 2(b r , Z)(Y, V)X - 2{b r , Z)(X, V)Y = 0. Let C m (m s , m s ), m > 0, 
be the space of m-cochains of the Lie triple system m s and let 5 : C m (m s ,m s ) — > C m+2 (m s ,m s ) be 
the coboundary operator [Yam]. We have C 1 (m s ,m s ) = End(m s ) and for L £ C 1 (m s ,m s ), the cochain 
(5L)£C 3 (m s ,m s ) is defined by (5L){X U X 2 ,X 3 ) = -L[[X 1 ,X 2 ],X 3 ] + [[LX U X 2 },X 3 ] + [[X 1 ,LX 2 },X 3 } + 
[[Xx,X 2 ],LX 3 }, for Xj £ m s . As (<5id m J(Ai, X 2 , X 3 ) = 2[[Xi,X 2 ],X 3 ], the above equation can be 
written as 

(12) 6(w s K Z TT s + {a r ,Z)id ms ) = F, where F £ C 3 (m s ,m s ), F(X, Y,V) = 2{b r ,Z)(X A Y)V, 

for X,Y,V £ m s . It follows that 5F = 0, for S : C 3 (m s ,m s ) ->■ C 5 (m s ,m s ). Using [Yam, Eq. (11)] we 
obtain after simplification: 

= (5F)(X u X2,X a ,Xi,X 6 ) = 2(b r ,Z)(-(X 1 A X 2 )[[X 3 ,X 4 },X 5 ] 

+ [[(Ax A A 2 )A 3 , A 4 ], A 5 ] + [[A 3 , (X t A A 2 )A 4 ], A 5 ] + [[X 3 , A 4 ], (Ax A A 2 )A 5 ]), 

for all Xi £ m s , i = 1,...,5. Assume (b r ,Z) ^ 0. As M s is not of constant curvature, we have 
dimMs > 4, so we can take linearly independent X\, X 2 , A5 = A3, A4 £ m s such that X\,X 2 _L A3, A4, 
which gives [[A 3 ,A 4 ],A 3 ] £ Span(A 3 ,A 4 ), for all A 3 ,A 4 £ m s . But then R 3 (X,Y)X \\ Y, for all 
A, Y £ m s , A _L Y, which easily implies that M s has constant curvature, a contradiction. It follows that 
{b ri Z) = 0, for all Z £ m r , so b r = 0. Then from (12), the operator ir s K Z Tr s + (a r , ^)id ms £ C 1 (m ;s ,m ; j) = 
End(m s ) is a 1-cocycle, that is, a derivation of m s . By [Lis, Theorem 2.11], every derivation of m s is 
inner, so there exists P sr £ Hom(m r , i) s ) such that ■n s K Z 'K s + (a r , Z)\A ms = (adp sr (^)) ms . As both K z 
and adp sr (z) are skew-symmetric, we obtain a r = 0. Now from (11) and the fact that a r = b r = 
it follows that ^ = and that K z m s C m s , for all Z £ m and all s = 1, . . . , N. In particular, 
[K z ,po] = (as every M s is Einstein), so $ = 0, by (5). This proves assertion 1. Moreover, for every 
Z £ m r , 7T s KzTr s = (adp sr t Z ))m s j which proves assertion 2. □ 
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4. Proof of Proposition 1: irreducible case 

By the arguments following the statement of Proposition 2 in Section 3, to prove Proposition 1 in 
full, we need to prove its claim for all irreducible symmetric spaces Mq not of constant curvature, 
where in the cases when n < 5, we may additionally assume that ty = <J> = 0. Note that a compact 
irreducible symmetric space of dimension n < 5 of non-constant curvature is locally homothetic either 
to SU('S)/SO(3) (n = 5) or to CP 2 (n = 4). 

We start with the following two observations. 

First of all, in the irreducible case, the endomorphisms po and Kx commute, so from (5) $ = $, 
hence equation (7) becomes 

(13) <rxYz([ad [x ,Y],Kz] + a,d [KxY -K Y x,z] +&(X, Y) A Z) = 0, 

for all X,Y,Ze m, with $ still satisfying (4). 

Secondly, if Proposition 1 is satisfied for a compact irreducible symmetric space, then it is also 
satified for its noncompact dual. Indeed, passing from Mo to its dual effects in changing the sign of all 
the brackets [X, Y], X,Y £ m, to the opposite. It follows that if a pair (K, $) satisfies (13) (and (4)) 
for a space Mq, then the pair (K, — $) satisfies the same equations for the dual space. 

So we need to prove the following proposition. 

Proposition 3. Let Mq be a compact irreducible symmetric space of non- constant curvature. Leto £ Mq 
and let m = T o M . Suppose that the maps K £ Hom(m,so(m)), K : Z >->• K z and $ £ Hom(A 2 m, m), 
<f> : X A Y h- > Q(X, Y), satisfy (4) and (13), for all X, Y, Z £ m. If n < 5 we additionally assume that 
$ = 0. Then K £ Hom(rj, ad(rj)) and $ = 0. 

Remark 2. Equation (13) is easily seen to be satisfied if $ = and Kz € ad(f)), for all Z. It follows 
that for any solution (K, $) of (13, 4), (n ad ^±K, $) is also a solution, where ad(f)) ± is the orthogonal 
complement to ad(t)) C so(m). We can therefore assume for the rest of the proof that 

(14) K x -L ad(rj), for all X e m. 

and will be proving that the assumptions of Proposition 3 together with (14) imply $ = and K = 0. 

Remark 3. Equations (4, 13) descend to an arbitrary Lie triple subsystem m' C m. Indeed, defining 
K' € Hom(m',so(m')) and $' G Hom(A 2 m',m') by K' X Y = ir m ,K x Y, &(X,Y) = ir m ,<f>(X,Y), for 
X, Y £ m', where ir m ' is the projection to m', we obtain that (4), with $ replaced by $' is trivially satisfied 
for all X, Y, Z £ m'. Moreover, equation (13) is equivalent to the fact that oxyz{\— ([[X, Y], V],KzU) + 
([[X,Y],U},K Z V)+([[V,U],Y},K Z X)-([[V,U},X},K Z Y)+(^X,Y),U)(Z,V)-($(X,Y),V)(Z,U)) = 

0. for all X, Y, Z,U,V £ m. Taking all the vectors X, Y, Z, U, V from m' and using the fact that m' is a 
Lie triple system, we obtain the same equation, with K and $ replaced by K' and $' respectively. 

Although the condition (14) may not always be satisfied for K' , we will be using the above observation 
as follows. If for "sufficiently many" Lie triple subsystems m' C m Proposition 3 is satisfied, then 
(<b(X, Y),Z) =0 for sufficiently many triples X, Y, Z e m to imply $ = 0. 

The proof of Proposition 3 is based on the following technical facts: 

Lemma 3. Let M be a compact irreducible symmetric space. Suppose that either rkM > 2 or 
Mq = OP 2 . Let a linear map A : m — > f) satisfy 

o-xyz([X,Y],AZ) = 0, 

for all X,Y, Z £ m. Then there exists T £ m such that A = adr- 

Lemma 4. In the assumptions of Proposition 3, suppose that rkMo > 3. Then 

1. $(X, Y) = 0, for all X, Y £ m such that [X, Y] = 0. 

2. There exists a linear map A : \) — >• m such that $>(X, Y) = A[X, Y], for all X, Y £ m. 

The proofs of Lemma 3 and Lemma 4 will be given in Section 5. 

Lemma 5. Suppose that Mo is a compact irreducible symmetric space of rank two other than SU(3)/SO(3). 
In the assumptions of Proposition 3, $ = 0. 
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Lemma 5 is proved in Section 6. 

The proof of Proposition 3 for spaces Mq of rank greater than one and for the Cayley projective plane 
is now completed by Lemma 5 and assertions 2 and 3 of the following lemma. 

Lemma 6. In the assumptions of Proposition 3, we have 

1. ~^2™ = i(&(X, ej), ej) = 0, for any lei, where ej, i = 1, . . . , n, is an orthonormal basis for m. 

2. //rkM > 3, then $ = 0. 

3. IfrkM > 2 or M = OP 2 , then K G Hom(f),ad(f))). 

Proof. 1. Forany X G mandfor any K G so(m) we have ^™ =1 [[X, e,],e,] = ^X and X)"=i([[A, Ka], ej] + 
[[X, ej], ATej]) = (the first identity is well known, the second one easily follows: the inner product of 
the left-hand side with an arbitrary Vemis Tr((ady adx K)\m) ~ Tr((_ftTady adx)|m) = 0). 

Now taking Z = ej in (L3), acting by the both sides on ej and then summing up by i = 1, . . . , n, we 
obtain using the above identities: 

En 
([[K ei X,Y], ei ] + [[X,K ei Y], ei ] + [[X,Y],K ei ei] - K ei [[X,Y ,ej ) 

= (n - 3)$(X, F) + V. (($(A, ej), e % )Y - (<S>(Y, ej), e,)X). 
^ — ^x— i 

Substituting y = ej, taking the inner product with ej and then summing up by j = 1, . . . , n, we obtain 

that = (2n — 4) ^r=i( < ^ > (^' ei )i e «) an< ^ ^ ne d 8 -™ follows, as Mq is of non-constant curvature, so n > 4. 

2. If rkAf > 3, Lemma 4(2) implies the existence of A : \) -)■ m such that $(X, V) = A[X, Y], for 
all X, Y € m. Then from (4) and Lemma 3 applied to A*, the adjoint operator of A, we obtain that 
$(X,Y) = [T, [X,Y]], for some Tern. But then from assertion I we get = J2™=i([ T , [X,ei]],ei) = 
\{T, X), for all X E m. So T = and $ = 0. 

3. We have $ = (from the assumption of Proposition 3 for M = SU(3)/SO(3); from Sec- 
tion 7 for Mo = OP 2 ; and from assertion 2 and Lemma 5 in all the other cases). By (13) we obtain 
o-XYz([&d[x,Y],K z ]) + o- X Yz(&d[ Kx Y-K Y x,z]) = 0. As by (14) we can assume that K x J- ad(()), for all 
-X" € m, the first term on the left-hand side of (13) is also orthogonal to ad(f)), while the second term 
belongs to ad(f)), so for all X, Y, Z <G m, we get 

(15) o- X Yz[&d [XiY] ,K z ]=0, <t xyz [K x Y-K y X,Z}=Q. 

Acting by the first equation of (15) on an arbitrary X\ G m and then taking the inner product with 
X2 G m we obtain axYz([X, Y], [KzXi,X?\ — \KzXi, X\]) = 0, which by Lemma 3 implies the existence 
of T = T{X 1 ,X 2 ) G m such that [K Z X 1 ,X 2 \ - [K Z X 2 ,X 1 } = ad T(Xl ,x 2 ) Z. As the left-hand side is 
bilinear in Xi,X 2 and skew-symmetric, the same properties are satisfied by the map T, so for all 
X,Y,Zem, 

(16) [K Z X, Y] - [K Z Y, X] = [T(X, Y),Z], for some T G Hom(A 2 m,m). 

Combined with the second equation of (15), this implies [K X Y + T(X, Y), Z] = [K X Z + T(X, Z), Y}. 
For every X G m, define F x G End(m) by F X Y = K X Y + T(X,Y). Then for all Y, Z G m we have 
[F X Y, Z] = [F X Z,Y]. Taking the inner product of the both sides with an arbitrary U G f) we obtain 
that ady F x G End(m) is symmetric, that is adjj F x = —F x ad;/. By [Sza, Lemma 4.2], we obtain that 
either F x — 0, or Mq is Hcrmitian and F x is proportional to J, the complex structure on m. As in the 
latter case F x depends linearly on X, it follows that 

(17) cither T(X, Y) = -K x Y, or for some I G m, T(X, Y) = -K X Y + (I, X)JY. 

Note that in the both cases, (T(X, Y), Y) = 0, so as T(X, Y) = -T(Y, X), the trilinear map (X, Y, Z) ^ 
(T(X,Y), Z) is skew-symmetric. Moreover, from the second equation of (15) and from (16) we obtain 
o~xyz[T(X, Y), Z] = 0. Taking the inner product with an arbitrary U £ F) and using the skew-symmetry 
of (T(X,Y),Z) we obtain [U,T(X,Y)] = T([U,X],Y) +T(X, [U,Y]), so defining for every X G m the 
operator T x by T X Y = T(X,Y) we get T [UjX] = [adu,T x ], for all X g m, U € t). Then for an 
orthonormal basis {U a } for f) we get 

Z^2 a T [u a ,[Ua,x]] =^2 a [ a d Ua ,[ ad u a ,T x }} =^2 a (&dl, a T x - 2 &d Ua T x &d Ua +r x ad 2 / J. 
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As it is well known, £ [t/ a , [U a , X}} = \X, and then £ a ad^ a T x = E a T x ^u a = \T X . Moreover, for 
any Y, Z G m, we have ((£ ad Ua T x adj/JY, Z) = Tr((ad z T x ady), j,) = Tr((T x ady ad z )| m )- so the 
above equation gives (T X Y, Z) = 4Tr((Tx ady adz)| m )- Subtracting the same equation, with Y and Z 
interchanged and using (17) and the fact that K x _L ad(f)), we obtain that T = (and hence K = 0) 
in the first case of (17) and that (T(X,Y), Z) = 4(1, X) Tr((Jad[yz])|m): m the second case. If I j^ 0, 
the skew-symmetry of T implies Tr((Jad[Y;x])|m) = 0, for all X, Y G m, so Tr((Jadf/)|m) = 0, for all 
U € f). But for a Hcrmitian symmetric space Mo, we have J = ad^ , where £/o spans the center of F), so 
Tr((Jad;y )| m ) = Tr(J 2 ) = — n, a contradiction. It follows that I = 0, so T — and K = 0, also in this 
case. □ 

Remark 4. Note that by equation (13), $ is uniquely determined by K, namely, from the equa- 
tion obtained in the proof of Lemma 6(1) and the fact that X)™=i(^ > (^' e *)i e «) = it follows that 
^2™ = i{SK ei )(X, Y, ej) = (n — 3)($(A, Y), Z) (in the notation of Proposition 2). Moreover, equation (4) 
is then automatically satisfies. 

The proof of Proposition 3 in the remaining cases, for the complex and the hyperbolic projective 
spaces, and also of the fact that $ = for the Cayley projective plane which was used in the proof of 
Lemma 6(3) is given in Section 7. 

5. Proof of Lemma 3 and Lemma 4 

We start with briefly recalling some well-known facts on the restricted roots (see [Hel, Nag, NT]). 
Let a C m be a Cartan subspace (a maximal abelian subspace) and let A C a* be the set of restricted 
roots. We have orthogonal root decompositions 

where A + is the set of positive roots, and m a = m_ Q , fj a = b-a are the root spaces. For any a e A 
there exists a linear isometry 9 a : m a — > f) Q , Q- a = —9 a , such that [H,X a ] = a(H)8 a X a , [H,9 a X a ] = 
—a(H)X a , for all H € a, X a G m Q (in particular, dim trio, = dimf) Q =: m a , the multiplicity of the root 
aeA). Moreover, for any a, /3 € Au{0}, [m Q ,m,a], [\) a , i)p] C i) a +p + *f a -p, [l)a,mp] Cm a+ p +m a -p, 
where we denote mo = a. A root system A is called reduced, if A n Ma = ±a, for any aeA. 

Lemma 7. 

1. If the roots a and j3 are not proportional and not orthogonal, then [X a ,Xp\ ^ and [X a ,0pXf)] =/= 0, 
for all nonzero X a G m a , Xp £ mp. 

2. If A is reduced and a,/3 G A, with (a,j3) > 0,a 7^ j3, then [m Q ,m/3] has a nonzero t) a -/3 component. 

3. If a, j3, 7 = a + f3 G A and a and ft are not proportional, then ([X 7 , X a ], QpXp) = ([Xp, A" 7 ], 9 a X a ) 
= —([X a , Xp],9jX 7 ), for all X a G m a , Xp G m,g and X 7 G m 7 . 

Proof. 1. Suppose that [X a ,X p ] = and let H G a be such that a(H) ^ 0, /3(H) = 0. Then = 
[H, \X a ,X p ]\ - a{H)[X a ,9 p Xp], so [X a ,0pXp] - 0. Similarly, if [X a ,6pXp] = 0, then [X a ,X p \ = 0. In 
the both cases, we get = [X a , [Xp, 9pXp)}. As [Xp,9pXp] G || Xp\\ 2 (3* +m 2 p, where j3* G a is dual to j3, 
we obtain = [X a , [Xp, 9pXp]] = —\\Xp\\ 2 (a, (i)9 a X a plus possibly some element from m-2p- a +^-2p+a, 
a contradiction. 

2. The fact that a — j3 G A when (a,/3) > 0,a 7^ (3, is a general property of a root system. The 
subset A' = (Za + Z/3) n A is a root subsystem of A of type A2,B2 or G2. In the first two cases, for 
any two roots a',/3' G A' with (a',/3') > 0, we have a' + f3' $ A', so a + f3 ^ A and the claim follows 
from assertion 1. In the third case, the same argument applies, unless all three roots a',/3', a' — j3' are 
short. But then the subspace m' = Span(a*, (3*) ffi S 7 eA m 7 ^ s a ^ e triple subsystem of m tangent to 
a compact symmetric space with the root system G2, that is, either to the group G2 or to G*2/SO(4). 
As the latter space has the maximal rank, the claim follows from the fact that for any three short roots 
ai,/?i,ci!i — (3\ of the complex simple Lie algebra gj , we have [flai,0-/3i] = Qai-Pi for the corresponding 
root spaces. 
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3. For H G a such that a(H) = 0, (3(H) ^ 0, we have P(H)([X a ,X fj ],e y X 1 } = {[X a ,X (j ], [H,X^]) = 
-([X a ,[H,X }},X 7 ) = -0(H)([X a ,6/}Xp],XJ = -f3(H)([X^X a ],6 fj X fj }, hence ([X^X a ],9 p Xp) = 
— ([X a , Xp], 9-yX-y). Interchanging a and f3 we get the second equation. □ 

We will also use the following elementary fact of linear algebra. 

Lemma 8. Let V be a complex or a real Euclidean space, and let ^> : A 2 V — > V be a linear map. 

1. If *(X, Y) G Span(A, Y), for all X, Y G V, then $(X, Y) = (p, X)Y - (p, Y)X, for some peV. 

2. IfcrxYz(y(X,Y) AZ) = 0, for allX,Y,Z G V and dim V > 4, then * = 0. 

Proof 1. Relative to an orthonormal basis a for V we have ^(e^, ej) — a%je% — aj%ej. Then by linearity, 
CLij = a-kj for all k, i ^ j. Take pi — —an, j =/= i. 

2. Taking the inner product of the a X Yz(^(X, Y) A Z) = with W _L X, Y, Z (where X, Y, Z are 
linearly independent) we get (*(X, Y), W) = 0, so V(X, Y) G Span(A, Y, Z), so *(X, Y) G Span(A, Y), 
for all X,Y G V. By assertion 1, &(X,Y) = (p,X)Y - (p,Y)X for some p G V. But then = 
a XYZ (^(X,Y)AZ) = 2a X Yz((p,X)YAZ), so p = 0. ^ ^ D 

We now prove Lemma 4 and Lemma 3 from Section 4. 

Lemma 4. In £/ie assumptions of Proposition 3, suppose that rkMo > 3. Then 

1. $(X, Y) = 0, /or aH X, Y G m smc/i i/iai [X, Y] = 0. 

2. T/iere exists a linear map A : rj — > m swcft i/iai $(A, Y) = A [A, Y], /or oM X, Y G m. 

Proof. 1. Let a C in be a Cartan subspace. Substituting 1, 7, Z e a into (13) we obtain 
(18) ad a = - ( r X y Z ($(X,Y)AZ), 

where U = (Txyz^x^ - -fiTyA, Z] G [a, m] C f). 

We first prove the assertion under the assumption that rkMo > 4. Chose a regular element V G a 
and then a three-dimensional subspace 03 C (a fl V^)- The set of such subspaces 03 is open in the 
Grassmannian G(3, a). Taking X,Y,Z in (18) spanning the subspace 03 and acting by the both sides 
on V we obtain that [U,V] G 3 , as V _L o 3 . But ([[/, Y],A) = ([/, [V,X]) = (and similarly for Y 
and Z), so [U, V] = 0. As V G a is regular, it follows that [17, 0] = 0, so adjy 03 = 0. But from (18) 
we have (ady a?r, ajf ) = 0. As adj/ is skew-symmetric, we obtain adjj = 0, so (Jxyz(®(X, Y) A Z) = 
by (18). Taking the inner product of this equation with any vector from a- 1 and using the fact that 
X, Y, Z are linearly independent, we obtain that &(X, Y) G a. As this is satisfied for all 03 from an open 
subset of the Grassmannian G(3, a), we get that $(X, Y) G a, for any X, Y G a. Then by Lemma 8(2), 
<I>(A, Y) = 0, for all X, Y G a. This proves the assertion as any two commuting elements of m lie in a 
Cartan subspace. 

Now suppose that rkMo == 3. Let a C m be a Cartan subspace. For any X, Y, Z spanning a, equation 

(18) gives [U, cr 1 ] c a, so 

(19) [17, mp] C a, for any j3 G A. 

Note that U G [a, m] = ® ae A+tya, so U — X)«eA+ U a , f° r some U a G f) Q . It follows from (19) that for 
any two nonproportional roots a, /3 we have X^ 7 - e z[t^a+j/3, tn^g] = 0, where the sum is taken over all j G Z 
such that a + j/3 G A. In particular, if the /3-series of a has length two and a JL ft, we obtain C/ Q = 
by Lemma 7(1). Now, from the classification of restricted root systems (see [Hcl] or the table in [Tarn]), 
we get that A is of one of types A 3 ,B3,C3,D 3 or BC3. As for the root systems of types A 3 ,B 3 ,D 3 , 
every root a can be included in a /3-series of length two, with a \j( /3, a JL /3, we obtain U a = 0, for all 
a G A, that is, U = 0. If A is of type BC 3 (so that A = {±Wj, ±2wj, ±uj 1 ± Wj}, 1 < i < j < 3), the 
same arguments work for all the roots except for ±2wj. But if [/ = J2 i=1 U2 Ui , equation (19) implies 
that [C/ 2 oj, , ntj] = 0, for alii = 1,2, 3. It then follows that [/ 2 oj, = 0, as Kw* © m Wi © m 2w , is a Lie triple 
system tangent to a rank one symmetric space (actually, to a complex or to a quaternionic projective 
space). Hence U a = 0, for all a G A, so [7 = in this case, as well. Finally, suppose that A is of type 
C3 (so that A = {icji ± cjj, ±2wj}, 1 < i < j < 3). As every root ±Wj ± Wj, i 7^ j, is a member of the 
2cji-series of length two, the same arguments as above show that U± 0Ji ± cu - — 0, so U — X)i=i ^2^;- Then 
by (19), [U, vci± Ui ± Uj ] = 0, i =/= j. As U commutes with both m Wl + W3 and m W2 _ W3 , it also commutes 
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with [m UJl ^ U j 3 ,m U j 2 -t A j 3 ] = f} Wl + U2 (the equality follows from Lemma 7(1)). Therefore U commutes with 
the subspace [i) Wl +w 2 ,rn Wl + W2 ] = M(wi + u> 2 )*. It follows that U 2uJl = U 2 u 2 = 0. Similar argument shows 
that also U 2u , 3 — 0, hence again U = 0. 

As U = in all the cases, equation (18) implies that <7xyz(&(X, Y)I\Z) = 0, for all X, Y, Z spanning 
a Cartan subspace a C m. Taking the inner product of this equation with any vector from , we obtain 
that $(A,Y) £ a, for all X, Y £ a. Then from a X Yz{${X,Y) A Z) = it follows that for every 
Cartan subspace o there exists a symmetric operator S a £ Sym(a) such that <&(X,Y) = S a (X x Y), 
where X x Y is the cross-product in the three-dimensional Euclidean space a. Now, for every root 
a £ A, the subspace a' = Kera ® M.X a , with a nonzero X a £ m a , is again a Cartan subspace, so 
for X, Y £ Keren, $(A, Y) £ a n a' = Keren. It follows that S a a* _L a*, for any a £ A, that is, 
(5°q*, a*) = 0. An inspection of root systems of types A3, B3, C3, D3 and BC3 shows that this implies 
S a = in all the cases. Therefore $(A, Y) = 0, for all X, Y £ a. This proves the assertion also for the 
spaces of rank three. 

2. It suffices to prove the following: if K £ so (m) is a skew-symmetric operator such that {KX, Y) = 0, 
for any X, Y £ m with [A, Y] = 0, then there exists U £ J) such that K — ady (indeed, by assertion 1, 
we would then have that for every e £ m, there exists U £ \) such that ($(A, Y),e) = (&djj X, Y) = 
(U,[X,Y}}). 

Introduce the boundary operator d : so(m) — >• f) by putting d(X AY) = [X,Y] and extending by 
linearity (it is easy to see that d is well-defined and that for K £ so(m), 9(A) = — i ^jAe^, e^], for 
an orthonormal basis e^ of m). The space so(m) is an f)-module, with an f)-invariant inner product 
(A 1 ,A 2 ) = Tr(AiA 2 ). For A £ so(m), A, Y £ m, we have (A, A A Y) = 2(KX,Y). In particular, for 
U £ f), A, y <G m, we obtain (adj/, AAY) = 2(f , [A, Y]), so the orthogonal complement to the submodulc 
ad(f)) c so(m) is an f)-module M = Ker<9, the space of all those A = Y^ Aj A Y e so(m), Aj, Yj e ra, 
such that i]jAi,y] = 0. The fact that ( AA, Y) = 0, for any A, Y £ m with [A,Y] = 0, is equivalent 
to the fact that A is orthogonal to the subspace T> C M spanned by all A A Y £ M. (we will call the 
elements of T> decomposable) . 

The claim of the assertion is therefore equivalent to the fact that every element of the l)-submodulc 
Ai is decomposable, that is, to the fact that if A = J^. Aj A Y, A^, Y G m, with $ZJ-Xi, Y] = 0, then 
A = £V Aj A Y/, Aj, Y/ e m, with [AJ, Y/] = 0, for every j. Clearly, X> c X is an i)-submodule, as for 
any U £ f) and for any commuting A, Y G m, we have 

(20) V 3— (exp(*adc/)A)A(exp(tad(7)Y) = [U,X]aY + Xa[U,Y} = hd n ,X AY]. 
dt\t=o 

Let a C m be a Cartan subspace and ttiq,, f) Q be the root subspaces. We will use the following facts: 

Fact 1. If Ai £ m a and A 2 £ mp, f3 l/( a, then Ai A A 2 = H A Z mod (2>), where H £ a, Z £ 
m a+/ 3 ® m Q _,3. To see that, choose H £ a such that a(H) =0^ /?(#). Then [H, Ai] = 0, so by (20) 
with [7 = P{H)- 1 6 b X 2 , A = Ai, Y = ff, we obtain Ai A A 2 - H A [P{H)- 1 9 b X 2 , X{\ £ V. 

Fact 2. If K = ^iJ.Al, e A4, where i^ e a, then K £V. Indeed, as aAa C X> and iJ A A e X>, if 
H £ a, X £ m a and a(-ff) = 0, we obtain that K = J2aGA+ a * ^ X a mod (T>), where A" <G m a . But 
the latter sum belongs to Ai, only if all the A" are zero (as d(a* A A") e m Q ). 

i^aci 3. The claim of the assertion (which is equivalent to the fact that T> = Ai) is equivalent to the 
fact that [ady, A] e £>, for any K £ Ai and any f7 £ f) a , a e A + . 

Indeed, although the f)-module A^ can be reducible, it contains no trivial submodules, that is, no 
nonzero K £ Ai commutes with ad(f}). Otherwise, for such a A we would have had Aadp^i x 2 ] X3 = 
ad [JCli x a] AA 3 , so ([[A 1 ,A 2 ],A 3 ],AA 4 ) + ([[A 1; A 2 ], AA 3 ], A 4 ) - 0, for all X 1 ,X 2 ,X 3 ,X 4 £ m, so 
([[AA 1 ,A 2 ],A 3 ],A 4 ) + ([[A 1 ,AA 2 ],A3],A 4 ) + ([[A 1 ,A 2 ],A3],AA 4 ) + ([[A 1 ,A 2 ],AA3],A 4 )-0,which 
would imply that A is a derivation of the Lie triple system m, so A £ ad(t)) = A4 [Lis, Theorem 2.11]. 

It follows that for any K £ Ai, there exist Ui £ t) and Ki £ Ai such that A = YJJad^, Ki\, 
so the claim of the assertion is equivalent to the fact that [ady, A] £ T>, for any U € \) and any 
K £ Ai. Suppose that we can prove this fact for any K £ Ai and any U € f) a , a £ A + . Then, 
as V is an l)-module, we obtain that [f) a , [i) a , K]] £ V, for all a £ A+, hence [[f) a , f) a ], A] <G P. But 
S<*eA+ fra, f)a] + Z) a eA+ ^" D ^o (and in the reduced case, we simply have S aeA +[f)a, *)<*] = t)o)- 



WEYL-SCHOUTEN THEOREM FOR SYMMETRIC SPACES 11 

Otherwise, 7Tf, Q E Q gA+ [§<*> W 7^ ^o, so there exists a nonzero U £ f}o orthogonal to all the [t) a , f) Q ]. But 
then [[/, f)J = 0, and from [U, a] = it follows that [U, m a ] = 0, so [U,m] = 0, hence [7 = 0. Therefore 
[ad[) , if] £ T>, hence [adf,, K] £ T>, which proves the claim of Fact 3. 

In view of Fact 3, we have to prove that [adt/,if] £ T>, for any K £ Ai and any U £ i) a , ot £ A + . 
This is trivially satisfied, if K by itself belongs to T>, as T> is an f)-module. Given K £ Ai, it can be 
represented as K = J^. Aj A Yj, where every A, and every Yj belongs either to a, or to some m a . By Fact 

1, we can assume that K = £ qgA+ (Ei H ° A X i + Ej F / A Z ")> wher0 #f e a > X i*. F /> Z " e m "- 
First suppose that A is reduced. Then, as K £ M, we have d(^2 i Hf A X") £ rj Q and <9(V Y^" A 

Z") e fjo 5 so EaeA+(Ei^ Q A -T) e -^i hence it belongs to 2?, by Fact 2. It remains to show that 
[adc/, K] £ V, for any U £ f)p, (3 £ A+, and any K £ M of the form K = E« e A+(Ej Y ? A Zf), which 
follows from Fact 1 and Fact 2, as [ady, if] is a sum of the terms of the form Y A Z, Y £ m a , Z £ vn. a ±p 
(or Z £ a, if a = ±/3). 

Now suppose that A is non-reduced, that is, A is of type BC r , so that A = {±Wj, ±2cji, ±Wj±u>j}, 1 < 
i < j < r. Let IfgM. Using Fact 1 we can assume that if is a linear combination of A A Y such that 
either lea, Y £ m a , a £ A, or X, V £ m a , a £ A, or X £ m Ui , Y £ ni2 Wi - 

The only terms X AY in K such that d(X AY) £ f)u>»+ew,-) i ^ j, s = ±1, are the terms with 
X £ o, y e m Wi+eWj . . As if £ M, the sum of all these terms appearing in K also belongs to A4, 
hence to T>, by Fact 2. The only terms X A Y in K such that d(X A Y) £ t) U( , are the terms with 
leaU rn2 Wi , Y £ vn Ui . As if £ Ai, the sum of all these terms appearing in K also belongs to M. . 
This sum has the form Ki = J2 a H a AY a + J2 b Xb A Y b , H a £ a, Y a , Yb £ m Wi , Xb £ tr^w*- Consider a 
term A& A Yb from the second sum. Let j ^ i and let U £ fy Ui +u- be nonzero. By Lemma 7(1) and as 
dimm Wi = dimm^, the map adjj : m. Uj — )■ m Ui is surjective, so there exists Zb £ xn ulj with [U, Zf,] = Y b . 
As [X b ,Z b ] = 0, we obtain by (20), with X = X b , Y = Z b , that X b A Y b = -[U,X b ] A Z b mod (£>), 
hence by Fact 1 (as [U,X b ] £ m^-^), X b A Y b = H b A Y b ' mod (V), for some H b £ a, Y b ' £ m Wl . It 
follows that Ki = J2 c Hc A *c mod (D), H c £ a, Y c £ m Wi . As if j € .M, we obtain that ifj e £>, by 
Fact 2. 

Therefore, we can assume that if £ M. is a linear combination of the terms X AY such that either 
X £ a, Y £ rti2 Wi , or A, Y <G m Q , a £ A. In view of Fact 3, it suffices to prove that [ad[/,if] £ V, 
for any such if and any U £ f)^, (3 £ A + . Now, if = uii ± Wj, i 7^ j, then [ad[/,if] is a sum 
of the terms of the form X' A Y', X' £ m 7 ,Y' £ m d -, ^ ^ 5 (or X' £ o, Y' £ m d -). This sum still 
belongs to Ai, as the latter is an f)-module, hence we are done by applying Fact 1 and then Fact 2. 
Now suppose that /3 — Ui or /3 = 2uji. Then the same arguments still work, provided we can show 
that if = if ' mod (T>), where if ' £ Ai is a linear combination of the terms X AY such that either 
X £ a, Y £xn2ijjj, i^J,orl,ygm a , a £ A + \{uJi,2cji}. To see that, suppose that if contains a term 
X A Y, X, Y £ m Ui . Choose j ^ i. By Lemma 7(1) and as dim m LUi = dim m LJj , the map ady : m iUj — > m Wi 
is surjective for any nonzero V £ 1)^;+^, so there exists V £ rj Wi+Wi , Z £ m i0j such that [V, Z] = Y. 
Now [A, Z] e t) Wl+Wj © bui-wi, so there exist Z± £ m LUl±iUj such that [A, Z] + [H + , Z+] + [H_,Z_] = 0, 
where H± = (uii + ujj)* £ o, that is, A A Z + H + A Z + + H- A Z^. belongs to M, hence to T>, by Fact 
1 and Fact 2. Taking the bracket with ady we again obtain an element from T>, so A A Y is equivalent 
modulo T> to a linear combination of the terms of the form H^ A A', where A' = [V, ZJ\ £ rri2 Wi © tri2 W , 
and X a A Y a , where X a = [V, H + ],Y a = Z + £ m LOi+LOj or X a = [V, A], Y a = Z £ m Wj . Repeatedly using 
this argument, for every term A A Y, A, Y £ xn Ui , from A, we obtain that K = K\ mod (T>), where 
if 1 £ Ai is a linear combination of the terms A A Y such that either Ago, Y £ rri2 W (including j = i), 
or A, Y e m a , a £ A + \ {cji}. Next, suppose that K contains a term A A Y, A, Y £ rri2 Wi . Choose 
j 7^ i and take Z £ m Ui+LkJjl V £ t) Wi - Wi - Then [X,Z] £ f) Wi - Wj , so there exist Z_ e m uli - iUj such that 
[A, Z] + [(wj-Wj)*, ZJ\ = 0, that is, XAZ+(uJi-u>j)* AZ_ belongs to M, hence to T>, by Fact 1 and Fact 

2. Taking the bracket with ady we again obtain an element from I?, so A A [V, Z] is equivalent modulo 
T> to a linear combination of the terms [A, V] A Z, with [A, V], Z £ m Wi + w and B Ui - u ,V A Z_, with 
9 UH -w i V,Z_ £m uli - ulj . It follows that AA[f) Wi _ Wj ,m Wi+Wj .] C (m Wi+W3 Am Wi+Wj )®(m Wi _ Wj .Am Wi _ Wj )®X>. 
But [bui-wj, Wun+uj] C rri2 Wi +m 2 w 3 , and 7r m2Wj [^-0,^, m Wi+w J = m 2wi (otherwise, there were a nonzero 
W £ m2 Wi such that [W, m Wi+Uj .] _L f) Ui _ Uj ., which contradicts Lemma 7(1)). It follows that there exists 
y e m 2 ^ such that A A (Y + Y') € (m Wl+Wj A m Wi+w .) © (tn,,,.^ A m Wl _ Wj ) © P. But A A Y' e X>, as 
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[X, Y'] = 0, so X A Y is equivalent modulo 2? to an element of (m UJi+UJj A m LJi+UJj ) ® (m Wi _ W:J A m Wi _ Wj ). 
Repeatedly using this argument, for every term X A Y, X,Y E m2 Wi , from K, we obtain that X = Ki 
mod (2?), where K2 E M \s a, linear combination of the terms X AY such that either lea, Ye rri2w 
(including j = i), or X,Y E m a , a E A + \ {ui,2u!i}. But the only terms X A Y in K2 such that 
<9(X A y) G f)2wii are the terms with X E a, Ye m-2 Wi . As if E M., the sum of all these terms 
appearing in K also belongs to M., hence to T>, by Fact 2. So K = K' mod (T>), where K' E Ai 
is a linear combination of the terms X AY such that either X E a, Ye tri2 W (with j 7^ i), or 
X,Y E m a , a E A + \ {uji, 2uji}, as required. □ 

Note that for complex symmetric spaces, assertion 2 of Lemma 4 follows from assertion 1 by [Pan, 
Proposition 4.3]. It is not however immediately clear how to carry over this result to the real case, as 
the commuting variety in the complex case can be reducible and can be strictly bigger than the (Zariski 
or Euclidean) closure of a x a [PY] (the simplest example is the complex projective space). 

Lemma 3. Let Mq be an irreducible compact symmetric space. Suppose that either rkMo > 2 or 
Mq = OP 2 . Let a linear map A : m — > \) satisfy 

(21) a X Yz([X,Y],AZ) = 0, 

for all X,Y, Z E tn. Then there exists T E m such that A = adr- 

Proof. Clearly, the faubmodulc of those A E Hom(m, f)) which satisfy (21) contains the submodulc 
ad m , by the Jacobi identity. We want to show that they coincide. 

First consider the case when rkMo > 2. Let a C m be a Cartan subspace. 

Step 1. For any Cartan subspace a C m there exists T" E m such that for all a E A, the operator 
A' = A + ad-r' : m — J- f) satisfies 

(22) 4'ncfio, A'm a cff) fa. 

Taking X, Y E a, Z E m a in (21) we get a(Y)(6 a Z, AX) = a(X)(6 a Z, AY), so for any a E A+, there 
exists U a E \] a such that for all X E a, TTf )a AX = a(X)U a . Define T' — J2 aeA + 0~ x U a E m. Then for 
all X E a, (A + &dT>)X C f)o- This proves the first formula of (22). Note that the map A' = A + adr' 
still satisfies (21). 

Taking now X E a, Ye m a , Z E mp in (21), with A replaced by A', we obtain a(X)(9 a Y, A'Z) = 
/3(X)(6 Z,A'Y). If (3 W a, we can choose X E a such that a(X) = ^ (3(X). Then A'm a C 
®@eA,p\\cfop © f)0j for all a E A. To prove the second inclusion of (22), we need to show that there is no 
f)o-component on the right-hand side. 

This is trivially true, if rkMo = rkg, as then ()o = 0. Otherwise, suppose that for some Z E xn a , the 
vector U — ir^A'Z is nonzero. Then taking X,Y E mp, a 7^ ±(3, ±2/3, in (21), with A replaced by A', 
we get ([X, Y],U) = 0, so U _L [m^,m^]. As U E f)o and as m^ is an f) -module, we have [U, m^] = 0, 
hence [U, fa] = 0. Let 7 be one of the shortest roots proportional to a, so that 7 = ±a or 7 = ±^a. 
Then for all [3 !/( a, we have ±7 jf (3, so = [U, [mp, m 7 ]] = [m^, [U, m 7 ]]. 

First suppose that [U, m 7 ] = 0. If 27 ^ A, then [U, mp] = 0, for all (3 $ a and for all (3 || a. As 
U E t)o, we also have [U, a] = 0, so [U,m] = 0, a contradiction. If 27 E A, then [U, fa] = 0, hence 
[U, [m 7 ,m 7 ] + [fa, fa]] = 0. But [m 7 ,m 7 ] + [fa, fa] D f)2 7 by [NT, Section 3.2], so [U, fa 7 ] = 0, hence 
[U, m2 7 ] = 0. This again implies [U,m] = 0, a contradiction. 

Suppose now that [U, m 7 ] 7^ 0. Let X E [U, m 7 ] C m 7 be nonzero. We have [X, mp] = 0, for all 
j3 ]| a, so by Lemma 7(1), every root not proportional to a is orthogonal to a, hence A is a union of 
two nonempty orthogonal subsets, which contradicts the fact that Mo is irreducible. 

This proves the second formula of (22). 

Step 2. For a Cartan subspace a C tn, define T" E m and A' = A + ad^' : m — > [), as in Step 1. Then 
for any a E A such that Ra nA = ±a, we have A' a* = (where a* E a is dual to a) and there exists 
c a E M such that A'X = c a 9 a X , for all X E m a . 

Denote m a = m a © M.a*. Then by [Nag, Lemma 2.25], m a is a Lie triple system tangent to a 
totally geodesic submanifold of constant positive curvature and moreover, for X, Y E m a , the map 
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i : X AY i-^ \\a\\~ 2 [X,Y] is an isomorphism of Lie algebras so(m a ) and [m a ,tn a ] = t) a ® [m Q ,m Q ] (note 
that the latter subspace lies in f)o), and for U £ [m a ,m a ], X £ ffi a , we have [U, X] = i~ 1 U(X). 

For any nonzero X £ m a , the subspace ax = Kera©RA is a Cartan subspace, with m a .x = vXa^X 1 - 
and f)a,x = [X, m a ,x] the root spaces. Then by Step 1 applied to ax and A' , there exists T'(A) £ m, with 
T'(a*) — 0, such that the map A' + adr'(x) satisfies (22), that is, [(A' + a,dT'(x))^x, &x] — and (A' + 
adT'(jf))tn Q ,jc C i) a ,x — [A, m Qi x]- From the first equation, it follows that [(A'+ad T /(x)) Kera,Kera] = 
0, for all X £ rh a , which (as T'(a*) = 0) implies [[T'(A),Kera],Kera] = 0. As the only roots 
proportional to a are ±a, this implies T'{X) C Kera©m Q . Then from the above, (A'+adT'(x))ttta,x C 
f) Q ,x = [X,m a ,x] = [A,mJ, so for any Y e m Q , Y _L X, we get A'Y + [T'(X),Y] £ [X,m a ], so 
A'Y £ [X,m a ] - [T'(X),Y] = [X,m a ] - [S(X),Y], where 5(A) is the m Q , x -component of T'(X) (so 
S(X) £ m a , S(X) _L X). It follows that A'Y £ [xh a , xh a ], which is isomorphic to the Lie algebra so(m Q ) 
via the isomorphism i:IA7i4 ||a||~ 2 [A, Y]. Therefore for all X, Y £ m a , X _L Y, 1^0, 

(23) l^A'Y = \\a\\ 2 (X A F(X, Y) - S(X) A Y), 

where S(X),F(X,Y) £ m«, S(X) _L X and S(a*) = (as T'(a*) = 0). Moreover, from the fact that 
[(A' + ad T /( X) )ax,ox] =0we obtain that [A'X + [T'(X),X],X] = 0, for all nonzero X £ m a . As 
[T'(X),X] = [S(X),X], we get ^(A'X + [S(X),X])X = 0, so for all X £ m a , 

(24) r 1 A'X{X) = -||a|| 2 (^(A) A X)X = |H| 2 ||A|| 2 S(A), 

by the definition of t and from the fact that S(X) _L X. 

Now, if m a (= dimrriQ,) = 1, then the second statement of Step 2 follows trivially. To prove the first 
statement, take Y = a* in (23). As dim trio, = 2, we get L~ l A'a* = cX A a* , for some c £ K, where X 
spans m a . But then by (24), -c\\a\\ 2 X = r 1 A'a*{a*) = 0, as S(a*) = 0, so c = 0, that is, A'a* = 0. 

If m a > 2, then (23) implies (r 1 A'Y(Z 1 ),Z 2 ) = 0, for any Z X ,Z 2 £ m a , Z t ,Z 2 _L A,F, hence for 
any Zi, Z 2 £ (tn Q n F^). Taking Z e m Q , Z1I, Y, we obtain from (23) that = (r l A'Y(X), Z) = 
||a|| 2 ||X|| 2 (F(X,F),Z), so F(X,Y) £ Span(A,Y). It now follows from (23) that for all Y £ m a , 
l~ 1 A'Y £ m a A Y, so by linearity, there exists P £ xh a such that l~ 1 A'Y = P A Y. But then from the 
fact that S(a*) = we obtain by (24) that = b- l A'a*{a*) = (PAa*)a*, soP = ca* , for some eel. 
Then A'a* = and A'Y = i(ca* AY) = c\\a\\- 2 [a*,Y] = c||a||- 2 6> Q Y, for all Y £ m a , as required. 

Finally, if m a — 2, then dimTfi Q = 3, so the Lie algebra so(m a ) is isomorphic to m Q with the cross- 
product, with the isomorphism v defined by v{X\ A X 2 ) = X\ x X 2 . Acting by v on the both sides of 
(23) and introducing w £ End(m Q ) by wY = v^A'Y) we get wY = ||a|| 2 (A x F(X, Y) - S(X) x Y), 
for all A _L Y, X ^ 0, so (wY,X) = ||a|| 2 (5(X) x X,Y), which implies w*X = \\a\\ 2 S(X)xX + f(X)X, 
where / : m Q —J- R and w* is the operator adjoint to w. Then 5(A) = ||a:||~ 2 ||A||~ 2 u;*A x A, as 
5(A) _L A. On the other hand, from (24) we obtain ||o!|| 2 ||A|| 2 5(A) = i^A'xlx) = wX x A, so 
(w* + w)X x A = 0. It follows that w* + w = 2c id, for some c <G R, so wX = cX + P x A for some 
P e tn a . Then 5(A) = ||a||- 2 ||A||- 2 w*A x A = -\\a\\- 2 \\X\\- 2 (P A X)X. As S(a*) = 0, we get 
P = cia* for some c\ £ R. Then v (l^A'X) = wX = cX + c\a* x A, so, by the definition of v and 
of t, [A'X, Y] = (l- 1 A'X)(Y) = cX x Y + ci(a* A A)Y, for any A,Y e m Q . Then ([A'A, Y],Z) = 
c(A, Y, Z) + ci ((a* , Y) (A, Z) - (a* , Z) (A, Y)), for all X,Y,Z £m a , where (A, Y, Z) is the triple product 
in the three-dimensional Euclidean space m a . Taking the cyclic sum by orthonormal A, Y, Z £ m a and 
using the fact that A' satisfies (21) we get c = 0. Then r x A'X = c x a* A A, so A'a* — and 
A'A = ci# Q A, for A £ m a , as required. 

Step 3. For a Cartan subspace a C m, define T" £ m and A' = A + ady : m — > f), as m 5iep 1. 
T/ien A'a = ana 7 f/iere exists a linear form c on a* such that for all a £ A, A'A = c(a)9 a X , for all 
X £ m a . 

First suppose that the root system A is reduced. Then the first statement of Step 3 immediately 
follows from Step 2. Also, from Step 2 we know that for every a £ A, there exists a constant c a such 
that A', = c a 9 a id\ ma . It remains to show that the function a n- c a is a restriction of a linear form on 
a* to A. Choose a subsystem A + of positive roots and let ai, . . . ,a r £ A + , r — rkMo, be a basis of 
simple roots. Then for every fi £ A + we have fi = X^j=i n i a ii with all n, being nonnegative integers. 
We will show that for every j3 £ A + , cp — X)i=i n i c ai by induction by h(j3) = X^j=i n ^ the height of 
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j3. For the roots of height one (for simple roots), this is trivial. Suppose that for all the roots of height 
less than ho > 2 the above equation holds. Let h{fi) = ho- Then (/3, a) > for some simple root a = on 
(otherwise (f3, j3) < 0), so j3 = j + a for some 7 £ A + (note that ^1(7) = ho — 1) and the f) 7 -component of 
[rri/3, m Q ] is nonzero by Lemma 7(2). Then we can choose X a £ m Q , Xp £ m^ and A 7 £ m 7 in such a way 
that ([X a ,X },e-yX 7 )^O. By Lemma 7(3), -([X 7 ,X a ],BpXp) = ([A^, A 7 ], Q A Q ) = (LY^X^X,). 
Substituting such X a , Xp, X 1 into (21), with A replaced by A', we get ([X a , Xp], # 7 X 7 )(c 7 +c Q — cp) = 0, 
so cp = Cj + c a , as required. The fact that c_ Q = — c a now follows from the fact that 9_ a = —9 a . This 
proves the second statement of Step 3 for a reduced system A. 

Now consider the case of a non- reduced root system. Every such system is of type BC r , so that 
A = {iwj, ±2wi, ±Wj ± Wj}, 1 < i < j ' < r. The first statement of Step 3 now follows by linearity from 
the first statement of Step 2 applied to the roots iwjitwj, i < j. From the second statement of Step 2 we 
also obtain that for all a — ±u>i±uij, i 7^ j, there exists c a £ R with A'X = c a 9 a X, for all X £ trio, (note 
that c~ a = —c a , as 9- a = —6 a )- Substituting X £ m Wi + Wi , Y £ m UrUj , Z e tn Wi , i 7^ j, into (21), 
with A replaced by A', we get ([X,Y],A'Z) = 0, which implies {[X,Y],ir 2ui A' Z) = by (22). Let V = 
92u> i 7T 2u} i A'Z £ m2 Uj . Then by Lemma 7(3) we obtain ([V, X],6 Ui - Uj Y) = 0, which implies that V = by 
Lemma 7(1). It follows that 7r 2aJs A'm UJt — 0, so A'm UJt c fj Wi by (22). Taking now leo, Y~ £ m Wi , Z e 
m 2aJl in (21), with A replaced by A', we obtain (8 Ui Y,A'Z) = 0, so A'm 2uJt C f) 2u , by (22). Substituting 
X £ Wwt+uj, Y £ m Uj - Ui , Z e m 2wi , « 7^ j, into (21), with A replaced by A', and using Lemma 7(3) 
we get ([X,Y], (A' - (c Wi+Wj + c Ui - Ui )e 2m )Z) = 0, so ([(A' - {c Ui+0Jj + c Ui - Ui )B 2Ui )Z,X],Y) = 0. As 
we already know that {A' — (c Wi+w . + c Ui - u .)9 2u>i )Z £ t) 2uli and as 2oji + (w, + Wj) is not a root, it 
follows that = [{A' - {c Ui+Uj + c Ui - Uj )B 2ui )Z,X] = [9 2 ^(9^A' - (c Ui+Uj + c Ui - Uj )id)Z,X], for all 
X £ m Ldz+UJ] , Z £ m 2iAji , i 7^ j. By Lemma 7(1) we obtain {6 2 ^.A' - {c UJz+LLl] + c ult ^ UJj )id)Z = 0, so A'Z = 
(cuji+ujj + c UJi - UJj )9 2uii Z 7 for all Z £ m 2ui . It follows that there exist a £ R such that A! Z = 2c i 9 2LkJi Z 1 
for all Z £ m 2wi , and A'Z = {s^a + e 2 Cj)9 eiUJz+e2LLl] Z, for all Z £ m eiLJi+62UJj , £\,e 2 = ±1. To finish the 
proof, it remains to show that for alH = 1, . . . , r, we have A'X — Ci9 Ui X, for all X £ xn Ui . 

Substituting X, Y £ m Ui , Z £ a into (21), with A replaced by A', and using the first statement of 
this step we get (6 Ui X, A'Y) = (6 Ui Y, A'X), so there exist symmetric endomorphisms S^ £ Sym(m a , i ) 
such that A'X = B^S^X, for all X £ m Wi . Denote Si = S' t — Cjid. Substituting X, Y £ m Wi , Z £ m 2oJi 
into (21), with A replaced by A', we obtain 2c t {[X, Y],B 2m Z) + ([Y, Z],6 Ui S' t X) + {[Z, X],6 Ui S<Y) = 0, 
so a([X, Y], K, Z}) + ([Y, Z], [lu*, SIX]) + ([Z, X], [u>*,SlY]) = 0, which by the Jacobi identity implies 
([Y,Z], [uj*,S 1 X]) + {[Z,X], [uj*,SiY]) = 0, that is, the operator (adz ad^)^.^ £ End(m w J is sym- 
metric. But the operator (adzad w ?)| mw . *= End(m w J is skew-symmetric. Indeed, for any X £ m UJi we 
have [[[oj*,X],X],oj*] = -[[[X,uj*},uj*],X] = 0, so [[uj*,X],X] \\ w*, as lw* ffi m u , ffi m 2a) , is a Lie triple 
system tangent to a rank one symmetric space. So ([[w*, X], X], Z) = 0, for any Z £ m 2u>i , which implies 
that (adz ad w *)| m[ij £ End(m Wi ) is skew-symmetric, hence (ad[z,aj*])|m„. = 2(ad^ ad u *)| m ^ . It follows 
that for all U £ f) 2wi , the operator ad;y| m[i) Si £ End(m a;i ) is symmetric, so ad[/| m ^ Si = — Si &du\ mul . . 
Therefore, for every eigenvalue A of Si, with the corresponding cigenspace E(X) C nt Wi , —A is also an 
eigenvalue and moreover, [U, E(X)] = E(—X), for any nonzero U £ t) 2u!i (note that the restriction of adjj 
to m uli is onto). Now, the dimension m 2LOi can be only 1,3 or 7. In the latter case, Mo is the Cayley 
projective plane, which is of rank one. If m 2u>i = 3, the action of f) 2a;i defines a quatcrnionic structure 
on m u>i , so, with an appropriate choice of U\,U 2 ,U^ £ t) 2wi , the restriction of adj/ x adjj 2 ad(/ 3 to m u>i is 
the identity. As each of them permutes the eigenspaces E(X) and E(—X), we get Si = 0. Consider the 
case m 2lAJi = 1 (then the space Mo is Hcrmitian). 

Substituting X £ m Wi , Y £ m w . ,Z £ m Wi + w ., i 7^ j, into (21), with A replaced by A', and using 
Lemma 7(3) we obtain ([S t X,Y] + [X,SjY],9^ +u)j Z) = 0, that is, [SiX,Y] + [X,SjY] £ f)^-^-- 
Similarly, taking Z £ m Wi _ a; . we get [SiX, Y] — [X,SjY] £ f) Wi + w . It follows that for the eigenspaces 
£"(A a ) C Xti Ui , E(nb) £ m Ui of the operators Si,Sj, respectively, with the corresponding eigenvalues 
X a , ^b, we have 

(25) {X a + n b )[E{X a ),E{n b )]ct) Ui - Uj , {X a -n b )[E{X a ),E{n b )]ci) Ui+Uj . 

Suppose A a 7^ and let X £ E(X a ) be nonzero. Then for all Y £ E a := Q)^ b ^^x a E(/j,b) C m w ., we have 
[X,Y] £ t) Ui - Uj , so ([X,E a ], tyui+uj) = 0, that is, &d x t) Ws + W3 -L E a . As the map &d x ■ f) w ,+w 3 -> m u)j 
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is surjective by Lemma 7(1), we obtain m^ i+UJ . + dimP a < m w . . But 2dimP a > m^. (as it is shown 
in the previous paragraph, for every eigenspace P(/i&) C tn w , \ib 7^ of Sj, there is an eigenspace 
E(—fib) C m w . of the same dimension). Then 2m Wi + w . < m w . . Inspecting the multiplicities of the 
restricted roots from the Satake diagrams we obtain that each of Si is zero in all the cases, except 
possibly, for the complex Grassmannian Mo = SU(p + q)/S(U(p) x U(q)), p > q > 1. In the latter 
case, an easy direct computation of the Lie brackets shows that for X £ m Wi , Y £ nw. , we have 
[*,*1 C &„,_„, U f)^^ <{=» [X,Y] = 0. Then from (25), [E(\ a ),E(p b )] = 6, unless A a = //«, = 0. 
Therefore, if A a 7^ and X £ E(X a ) is nonzero, we get [X, m Uj ] = 0, so ([X, m Uj ], t) Ui +wj) = 0, which 
implies &d x fioj^+oj = 0, a contradiction with Lemma 7(1). It follows that all the operators Si vanish. 

Thus in all the cases S, = 0, so, from the definition of the 5,'s we get A'X = Ci9 Ui X, for all X £ m u>it 
as required. 

The claim of the lemma now follows, as by Step 3, there exists c £ a such that A' = ad c , hence 
A = ad c _T'- 

Now consider the case Mq = OP 2 . For X, Y £ m, we have 

ad [XiY ] =3XAY + Y?. =0 (SiX) A (S { Y) = 3XAY + ^ =q $(X A F)5 4 , 

where S** = Si, and ^Sj + SjSi = 2Sijid, for all < i, j < 8 

(see [Frl] or [N3, Section 2.3], where the operators Si are given explicitly). The operators SiSj, SiSjS k , 
i < j < k, are skew-symmetric and form a basis for so (16) (which is orthonormal, if we replace every 
Si by jSi). The isotropy representation of f) = so(9) = A 2 R 9 is the spin representation defined by 
Ui A Uj h-> SiSj, where Ui, < i < 8, is an orthonormal basis for R 9 . The irreducible decomposition 
of the f)-module so(16) is given by so(16) = A 2 R 9 ® A 3 R 9 , where A 3 R 9 = Span i<j<k {SiSjS k ). This 
decomposition is orthogonal and moreover, by (26), ad[x,y] = 8ir 2 (X A Y) = '^Z i< j{SiSjX,Y)SiSj, 
where 7r 2 is the orthogonal projection to the submodule A 2 R 9 C so(16). 

By the assumption, a linear map A : m — > \) satisfies <j X yz([X, Y],AZ) = 0, for all X,Y, Z £ m, so 
= (7xyz(it2(X AY),AZ) = <r XY z(X AY,tt 2 (AZ)) = <j XY z(XAY,AZ). Here A can be viewed as an 
element of the ((-module A 2 R 9 0m, and then the assumption of the lemma means that A £ KerS, where 
5 : A 2 R 9 m — > A 3 m is the homomorphism of f)-modules defined by S((u, A Uj) a) = a A (SiSj), for 
a <G m, Ui, Uj £ R 9 . The irreducible decomposition of the both modules are known ([Frl, Section 7] and 
[Slu]). Define the ()-homomorphisms Q k : A k R 9 m ^ A fe+1 R 9 m, Q* k : A fc R 9 m -)• A^R 9 m by 

(27) 6 i: (w®fl)=y (m A u) Sid, @* k (u> a) = - V" (u 4 jo;) SiCi 
and denote P k — Ker0£. Then we have irreducible decompositions 

(28) A 2 R 9 ®m = eie (P )©ei(Pi)®P 2 , A 3 m~Pi®P 2 , 

with 0i0o : Pi — ► @i©o(-Po) and @i : Pi — ¥ @i(Pi) being isomorphisms on their images. Now 
Po = m and for T £ m we have 0i© o (T) = £V S i S 3 T ® («» A Uj) and so (50i© o (T))(X, F, Z) = 
(J xyzEy(5 1 SjT,I)(S , 1 S 3 y,Z) = er X y Z X^.(ad [Y , Z ]T,X) = °) b Y the Jacobi identity. It follows that 
KerS D 0i0o(Po) — m, so to prove the lemma it suffices to show that 5 maps the remaining two 
irreducible components of m A 2 R 9 from (28) onto their images isomorphically, that is, it suffices to 
produce an element in each of these components which does not belong to KerS. 

We start with 9i (Pi). By (27), for any T £ m, we have Ql(v,i®T) = -SiT, so uq^SxT + u^SqT £ 
Pi = Ker(ef). Then 6i(m SiT + «i S T) = ELo( M « a m o) S l S l T + (u t A m) S t S T, so 
(H0i(«o SiT + ui 5 T))(X,F,Z) = c7xrzEt 2 «^^i T .^)(^^oY,Z) + (^5 T,X)(5^iF,Z)). 
From the commutator relations (26) it follows that the operators S1S2S3S4 and ^o are symmetric, 
orthogonal and commuting. Choose X £ m to be their common eigenvector with eigenvalue 1, and 
then choose Y = S1S3X, Z = S2S3X and T = S2X. Using relations (26) we then obtain that 
(E0i (u SiT + ui S T))(X,Y,Z) = -3||X|| 4 . It follows that the restriction of 5 to ©i(Pi) is an 
isomorphism onto the image. 

We next consider P 2 . By (27) we have 2 ((«i A Uj) T) = u% S T — Uj SiT, so for any T £ m, 
the element N = (u A Ui) SiS T + (ui A u 2 ) S X S 2 T + (u 2 A u 3 ) S 3 S 2 T + (u 3 A u ) S 3 S T lies 
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in P 2 = Kcr(e^). We have E(N)(X,Y,Z) = a XY z{(SiS Q T,X)(S S 1 Y, Z) + (S 1 S 2 T,X)(S 1 S 2 Y, Z) + 
(S 3 S2T,X)(S 2 S 3 Y,Z) + (S 3 SoT,X)(S3SoY,Z)). From the commutator relations (26) it follows that 
the operator S0S1S2S3 is symmetric, orthogonal and has zero trace. Choose a nonzero X € m to 
satisfy (SqSiS 2 S 3 X, X) = and then choose T = S0S3X, Z = S0S3Y and a nonzero Y e m such that 

Y _L X, SoSiS 2 S 3 X, SiSjX, for all i,j = 0,1,2,3. Then using the commutator relations (26) again we 
obtain that E(N)(X,Y, Z) = ||X|| 2 ||r"|| 2 , hence the restriction of S to P 2 is also an isomorphism onto 
the image. 

So KerS = QxQ^Pq) ~ m, as required. □ 

Remark 5. Note that in the case when Mq is a quaternionic projective space of dimension Am < 20 or 
a complex projective space, the claim of Lemma 3 is false, by the dimension count. 

6. Symmetric spaces of rank two. Proof of Lemma 5 
In this section, we give the proof of Lemma 5 from Section 4: 

Lemma 5. Suppose M is a compact irreducible symmetric space of rank two other than SU(3)/SO(3). 
In the assumptions of Proposition 3, $ = 0. 

Proof. Compact irreducible symmetric spaces of rank two, modulo low-dimensional isomorphisms, are: 

• the compact groups SU(3), Sp(2), G 2 ; 

• the Grassmannians SO(p + 2)/(SO(p) x 50(2)), p > 3, SU(p + 2)/S(U(p) x U(2)), p > 3, 
Sp(p + 2)/(Sp(p)xSp(2)),p>2; 

• three classical spaces SO(10)/U(5), SU(6)/Sp(3), SU(3)/SO(3); 

• three exceptional spaces E & /F A , E 6 /(SO (10) x SO(2)), G 2 /50(4). 
For the groups, the claim follows from [Nl, Proposition]. 

Note that in general, it is sufficient to prove that (&(Y, X), X) =0 for all X, Y e in, as then the map 
(X, Y, Z) i->- (&(X, Y), Z) is skew-symmetric, so is zero by (4). Now, given an arbitrary X e m, consider 
a Cartan subalgebra a C m containing X. By linearity, it is sufficient to show that (<&(Y,X),X) = 0, 
when Y is either a root vector or belongs to a. So it suffices to prove that for every a e A and every 

Y G m Q , we have ($(ay , ay), ay) = 0, where ay = a ® MY. Suppose in' C m is an irreducible Lie triple 
system containing ay. Then by Remark 3, he maps K and $ on m descend to the maps K' and $' 
on m', which still satisfy the assumptions of Proposition 3. As ($'(X, Y),Z) = ($(X,Y),Z), for all 
X, Y, Z G tn', it is sufficient to prove the lemma for some irreducible Lie triple system m' containing ay- 

Now, the spaces SU(6)/Sp(3) and Eq/Fh have the restricted root system of type A2 and each of them 
has a totally geodesic submanifold SU(3) of the maximal rank [Kl]. The Lie triple system m' tangent 
to SU(3) is again of type A 2 ; it contains a Cartan subalgebra a C m and can be rotated by the isotropy 
subgroup of a to contains a given root vector Y of m (as the Weyl group is transitive on the roots of 
the equal length, and as all the roots of the system A 2 have the same length). The claim now follows 
from the fact that $ = for SU(3). 

The spaces SU(p+2)/S(U(p)xU(2)), p > 3, Sp(p+2)/(Sp(p)xSp(2)), p > 3, E 6 /(SO(10)xSO(2)), 
and SO(10)/U(5), have the restricted root system of type BC 2 . Each of them contains a totally geodesic 
submanifold SU(5)/S(U(3) x U(2)) of the maximal rank and with the root system of type BC 2 [Kl]. By 
the action of the isotropy group, the Lie triple system m' tangent to SU(5)/S(U(3) x U(2)) can be chosen 
to contain the given Cartan subalgebra a C m and then, as the root system of m' contains the roots of 
all lengths, can be rotated by the isotropy subgroup of a to contains a given root vector Y of m. Hence 
to prove the lemma for all these spaces it suffices to show that $ = for SU(5)/S(U(3) x U(2)). We can 
reduce the space further by noting that if the root vector Y of the space ay corresponds to the longest 
or the second longest root of SU(5)/S(U(3) x U(2)), then ay is contained in a Lie triple system of type 
B 2 tangent to a totally geodesic SO{6)/{SO(A) x SO{2)) = SU(4)/S(U(2) x 17(2)) c SU(5)/S(U(3) x 
U(2)). If the root vector Y corresponds to the shortest root, then ay is again contained in a Lie triple 
system of type B 2 tangent to a totally geodesic SO(5)/(SO(3) x SO(2)) C SU(5)/S(U(3) x U(2)). 
Hence to prove the lemma for all these spaces it suffices to show that <f> = for the Grassmannians 
SO(p + 2)/(SO(p) x SO(2)), p = 3, 4, which are included in the next case. 
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The spaces Sp(4)/(Sp(2) x Sp(2)) and SO(p + 2)/(SO(p) x 5*0(2)), p > 3, have the restricted root 
system of type B2. Each of them contains a totally geodesic submanifold 50(5)/(50(3) x 5*0(2)) of 
the maximal rank and with the root system of type B2, so by the arguments similar to the above, the 
proof of the lemma for these spaces will follow from the proof that $ = for 50(5)/(50(3) x 50(2)). 

Summarising, we see that it suffices to prove the lemma for the Grassmannian 50(5)/(50(3) x 50(2)) 
and for the exceptional space G2/50(4). This is done below by a direct calculation. 

Let M = 50(5)/(50(3) x 50(2)). Then m can be identified with the space M 3j2 (R) of 3 x 2 real 
matrices with the triple bracket defined by ad[ X ,Y] Z = YX l Z- XY l Z + ZX l Y - ZY l X. The matrices 
£ m , a = 1,2,3, a = 1,2 having 1 in the a-th row of the a-th column and zero elsewhere form an 
orthonormal basis for m (up to scaling) . This basis is acted upon by the isometries from the product of 
the symmetric groups 5 3 x 5 2 C 50(3) x 50(2). 

Denote F(X, Y, Z) the operator on the left-hand side of (13). 

Then from (F(En, E 2 i, E 32 )E 3 i, E22) = Owe obtain (K Ea2 E 3 i, Ei 2 ) = 0. Acting by 5 3 x 5 2 we 
get (K Eaa E a i3,E ba ) = 0, for a ^ /?, a ^ b. Next, from (f{e 11 ,E 2 i,E 1 2)E 2 i,E 31 ) = we obtain 
(K E21 E 21 ,E 32 ) = -(${E n ,E 12 ),E 31 ). Acting by 5 3 x5 2 we get (K Eaa E aa ,E bfi ) = -(<$>{E ca ,E cfi ),E ba ) 
for a ^ 0, a ^ b, c ^ a, 6. Then from (F(E 1U E 21 , E 12 )E 32 , E 2l ) - (F(E 21 , E 31 , E 22 )E 12 , E n ) = 
we get that (<£>(E ni E 12 ), E 32 ) = 0, hence $(E al ,E a2 ) £ Spa,n(E all E a2 ), for all a = 1,2,3. Sub- 
stituting all the above identities to {F(E 12 , E 32 , Ei\)E\ 2 , En) — (F(E 22 ,E 32 ,En)E 22 ,E 2 i) = and 
to (F(E 12 ,E 32 ,E 21 )E 12 ,E 21 ) + {F{E 1U E 21 ,E 32 )E X1 ,E 21 ) = we obtain that (#(£32,-^11), £11) + 
(^(E 32 ,E 12 ),E 12 ) = and that ($(£ 32 ,£ii),£ii) - ($(E 32 ,E 12 ),E 12 ) = respectively, which im- 
plies (<&(E b p, E aa ), E aa ) = 0, for all a, f3 and for all a 7^ b. But then by Lemma 6(1), we also 
have that ($(E a p, E a p), E a p) = 0, so (&(X, E aa ), E aa ) = 0, for all a, a and for all X £ m. More- 
over, as &(E a i,E a2 ) G Span(S a i, E a2 ) from the above, we obtain $>{E a \, E a2 ) = 0. Furthermore, 
from (F(E 1U E 2U E 32 )E 1U E 31 ) - (F(E 12 ,E 32 , E 2 i)E 12 , E 31 ) - we obtain ($(£ 21 , E 32 ), E 31 ) = 0. As 
${E al , E a2 ) = 0, (4) gives that also (fc(£fei, £31), £32) = 0. Acting by 5 3 x 5 2 we get ($(X, E al ), E a2 ) = 
0, for all a = 1, 2, 3 and all X <G m. 

From the above we have (&(X,E aa ),E aa ) = 0, for all a, a and for all X <G m. As the choice of the 
basis E aa was arbitrary, this equation still holds with the vector E aa replaced by any element from its 
50(3) x 50(2) orbit, which implies ($(X, Y),Y) = 0, for all X,Y em such that Y is represented by a 
3x2 matrix of rank one. In particular, it follows that (&(X, E aa ), E ba ) + (Q(X, E ba ), E aa ) = 0, for all 
a, a, 6, which by skew-symmetry and (4) gives (&(E ca , E ba ), E aa ) = 0, for all a, a, b, c. 

From (F(E 11 ,E 21 ,E 31 )E 1u 'e 22 ) = (F(E 31 , E 21 ,E 22 )E 31 ,E 21 ) = we obtain (K Ell E lu E 12 ) = 
(K E31 E 21 ,E 22 ) = (K E31 E 31 ,E 32 ), which implies (K x E n ,E 12 ) = (K X E 21 ,E 22 ) = {K X E 3U E 32 ), 
for all X € m, so that all the diagonal elements of the 3x3 matrix (K x E a i 7 E b 2), a,b — 1,2,3, 
are equal. For this property still to hold under the action of the group 50(3) C 50(3) x 50(2), 
that matrix must be a linear combination of the identity matrix and a skew-symmetric matrix, so 
in particular, (K x E a i,E b 2) + (K x E b i,E a 2) = 0, for all a 7^ b and all X € m. But then from 
(F{E lll E2i,E 3 2)E 11 ,E 12 ) - {F{E lu E2i,E 32 )E 31 ,E 3 2) = we obtain {$(E 12 , E 21 ), E 32 ) = 0. Com- 
bining this with the above and acting by 5 3 x 5 2 we get (&(E aa , E b p), E ca ) ~ 0, for all a, 6, c, a, f3. The 
fact that {$(E aa ,E ca ), E b p) = 0, for a 7^ /3 then follows from (4). 

Let Mo = G 2 /50(4). Then m can be viewed as a Lie triple subsystem of so(7) in the following 
way [Miy]. For 1 < i 7^ j < 7, define the matrix Gij € so(7) to have 1 as its (i,j)-th entry, —1 
as its (j, i)-th entry and zero elsewhere. For i — 1,...,7, define the subspaces Qi C so(7) by rjj = 
{77iGi+i,i+ 3 +i]2Gi+2,i+6 +%Oi+4,j+5 | r\\ + r\2 + V3 = 0} (where we subtract 7 from the subscripts which 
are greater than 7). Then m = 0i ©0 2 ©fls ©97. Every subspace rji is abelian; taking a = 0i as a Cartan 
subspace, we get the restricted root decomposition, with the root vectors T\ = G 2 6 + G45 — 2Gi 3 , T 3 = 
G 3 5 + Gqj + 2G14, T 5 = G47 — G 23 — 2Gi6, T4 = G 2 6 — G45, T 6 = G35 — G67, T 2 = G47 + G 23 (we 
change the sign of T 6 compared with [Miy, Eq. (11)]). The restricted root system is of type G 2 , with 
Ti,T 3 , T 5 corresponding to short roots and T 2 ,T4,T 6 , to long roots; the Lie brackets of the vectors Ti are 
explicitly given in [Miy, Table 2]. Define T 7 = G 24 + G 37 - 2G 56 , T 8 = G 24 - G 37 € a. With the inner 
product (X, Y) = TriXY 1 ) (which is proportional to the one induced from the Killing form) the vectors 
Ti are orthogonal; define ej = Tj/||Tj||, i = 1, . . . ,8. The root vector system has a three-cyclic symmetry 
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defined, for a — 0, 1, 2, by s a e-j = cos(2<nr/'3)e 7 + sin(2a7r/3)e 8 , s a e 8 = — sin(2a7r/3)e7 + cos(2a7r/3)e 8 , 
and s a Ti = Ti+ 2a , i = 1, . . . , 6 (where we subtract 6 from the subscripts which are greater than 6). 

Note that the subspace m' = a ® Span(T 2 ,T4,T6) (spanned by a and the three long root vectors) is 
a Lie triple system tangent to a totally geodesic submanifold SU(3)/SO(3) C G 2 /SO(4) [Kl]. 

Denote Fijkim the equation obtained by substituting X — a, Y = ej, Z = e^ in (13), then acting on 
ei and taking the inner product of the resulting vector with e m . We abbreviate K ei to Ki and $(ej, ej) 
to <&ij and define an m-valued quadratic form 9 by (6(X),Y) = ($(Y, A), X), for X, Y £ m. Note that 
(0(X),X)=0. 

From 8F 27846 - 3F 27828 - 3F 25725 + 3.F 5 7 858 we obtain ($ 57 , e 5 ) = 0, so by -F 5 7858 we get (K s e 7 , eg) - 
3($7 8 ,e 8 ) = 0. By the cyclic symmetry, this also holds with the vectors e7,e 8 replaced by s a e7,s a e 8 , 
respectively, so that (Kxe 7 ,e s ) — 3($ 7 8, A) = 0, for X = s a e$ = — sin(2a7r/3)e7 + cos(2a7r/3)e8, a = 
0,1,2. It follows that (K x e 7 ,e 8 ) - 3($7 8 ,A) = 0, for all X £ a. Then from i^ 2 7827 it follows that 
($28, e 2 ) = 2($ 78 , e 7 ). Furthermore, from 2F 478 47 - 2%/3F 4 7 826 + 2F 67S67 - 2\ / 3F 6782i - F 27827 we obtain 
2($48,e4) + 3($78,e7) + 2($68,e6) — ($28,62) = 0. On the other hand, considering the restriction of 
equation (13) to m' = a ® Span(T 2 ,T4,T 6 ) (see Remark 3) and applying Lemma 6(1), with m' as m, 
we get ($48, e 4 ) + ($78, e 7 ) + ($68, e 6 ) + ($28, e 2 ) = 0. It follows that ($ 78 , e 7 ) - 3($ 28 , e 2 ) = which, 
combined with the equation ($ 2 8,e 2 ) = 2($ 78 ,e7) from the above gives ($ 2 s,e 2 ) = ($73,67) = 0. By 
the cyclic symmetry, the second equation implies ($78, e 8 ) = 0. Then, as ($57, e^) = from the above, 
equation -3F 25725 + -F 2 7828 + 3F 5 7 858 gives ($ 2 7,e 2 ) = 0. It follows that {0(e 2 ),X) = 0, for all X e a, 
hence by the cyclic symmetry, (9(ei),X) = 0, for all X e o and all long root vectors e^. Moreover, 
from F 25825 + F 27827 + 3F 5785 7 and ($ 28 ,e 2 ) = ($78,e7> = we get ($ 5 8,e 5 ) = 0. It follows that 
(0{e§),X) — 0, for all l£o, hence again by the cyclic symmetry, ($(ej),X) = 0, for all X E a and all 
short root vectors ej. 

Summarising the above we get that (9(Y),X) = 0, for all X E a and for every Y which is either a 
root vector, or belongs to a; in particular, 

(29) (0{Y), X) = 0, for all commuting X, Y e m. 

Now, it is easy to see that e7 is a root vector for the Cartan subalgebra Span(es, es), so (9(e 7 ), es) = 0. 
Moreover, as [es,es] = 0, we have (0(es),e5) = 0, by (29). It follows that (9(e 7 ) +0(es),e5) = 0. As 
the expression on the right-hand side does not depend on the choice of an orthonormal basis for a, 
we obtain by cyclic symmetry that (9(e 7 ) + 9{e%) 1 ei) — 0, for every short root vector a (that is, for 
i = 1,3,5). Similarly, as es is a root vector for the Cartan subalgebra Span(e 2 ,e7) and as [e 2 ,e7] = 0, 
we get (9(e 7 ) + #(e 8 ),e 2 ) = 0, so by cyclic symmetry, (9(e 7 ) + 9(e$),ei) = 0, for i = 2,4,6. As e7,e 8 
commute, we have (#(e 8 ), 67) = (9(e 7 ), e 8 ) = by (29), so 9(e 7 ) + 9(e s ) — 0. It follows that 

(30) ^(A) + 9{Y) = 0, for all commuting orthonormal vectors A, Y <G m. 

From 9{e 7 ) + 9(e s ) = it now follows that J2 a=0 9{s a (e 7 )) = J2 a=0 9(s a (e$)) = 0, where, as above, 
s aG 7 = cos(2a7r/3)e7 + sin(2a7r/3)e 8 , s a e 8 = — sin(2a7r/3)e7 + cos(2a7r/3)e 8 , for a = 0,1,2. By (30) 
we have 9(e 7 ) + 9(e 2 ) = 0, hence 9(s a (e 7 )) + 9(s a (e 2 )) — 0, by cyclic symmetry. As Si(e 2 ) = e 4 and 
^2(62) = ee we obtain 

(31) 9(e 2 ) + 9(e±)+9(e 6 )=Q. 

Now equation V3F 126 i 6 - 2F 25626 gives -\/3($i2, ei) + \/3($26, e 6 ) + 2($ 25 , e 2 ) - 2($ 56 , e 6 ) = 0. But 
($25, e 2 ) = by (29), as [e 2 ,e 5 ] = 0, and ($ 12 , ei) = -($42, e 4 ) = ($62, e 6 ) (by (29) and by (31)). It 
follows that (6(ee), v / 3e 2 — es) = 0. On the other hand, equation v / 3-F 2 3434 + 2F 2 45 2 4 gives — ^($23, 63) — 
^($24,64) +2($ 25 ,e 2 ) +2($ 45 ,e 4 ) = 0. Again ($ 25 ,e 2 ) = 0, and ($ 23 ,e 3 ) = -($ 26 , e 6 ) = ($24, e 4 ) 
(by (29) and by (31)). It follows that (#(e 4 ), v / 3e 2 + e 5 ) = 0, which then implies {9(e§), V3e 2 + e 5 ) = 
(by (31) and (29)). Thus (0(eg),e 2 ) = (0(ee),e5) = 0. From the first equation and (31) we get 
(9(ee), 64) = 0, so by cyclic symmetry, (9(a), ej) = for all i, j = 2, 4, 6. Similarly, the second equation 
implies (9(ei),e§) = 0, for all i = 2,4, 6 by (31) and by (29). Then by cyclic symmetry (9(ei),ej) = 
for all i = 2,4,6, j = 1,3,5, hence 9(ei) £ a, for all i = 2,4,6. As [e 2 ,e7] = 0, we get from (30) that 
9(e 7 ) £ a, which implies 9(e 7 ) = by(29), so 9(s a (e 7 )) = for a = 0, 1, 2 by cyclic symmetry. But then, 
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the restriction of the quadratic form 9 to the two-dimensional space a vanishes on three lines in a, hence 
6{X) = 0, for all lea. 

As any X <G m belongs to a Cartan subspace it follows that 9 = 0, that is, (&(X, Y),Y) = 0, for 
all X, Y e m. Then the trilincar form (X,Y,Z) i->- ($>(X,Y),Z) is skew-symmetric by the first two 
arguments and by the second two arguments, hence it is skew-symmetric by all three, which implies 
$ = by (4). □ 

7. Symmetric spaces of rank one 

In this section we prove Proposition 3 for the complex and the quatcrnionic projective spaces, and 
also the fact that $ = for the Cayley projective plane (the fact that K = for Mq = OP 2 then 
follows from Lemma 6(3)). Note that the proof of a statement equivalent to Proposition 3 for rank one 
compact symmetric spaces is contained "in disguise" in [N3, N2] under more general assumptions; for 
the complex projective space, see [BG1]. For completeness, we give a direct proof here. 

Mq = CP m . Denote J the complex structure. Note that ad(f)) is the centraliser of J in so(m), so 
equation (14) is equivalent to KzJ + JKz = 0, for all Z € m. We have (up to a constant factor) 
ad [Y.Y] = X A Y + 2{JX, Y)J + (JX) A (JY). Substituting this into (13) we obtain 

(32) a X Yz(2(JX, Y)T Z + 2{T Z X, Y)J + (T X Y - T Y X) A (JZ) + $(X, Y) A Z) = 0, 

where the skew-symmetric operators Tz are defined by Tz = [J, K z \- Note that TzJ + JTz = 0, and 
moreover, that K = if and only if T = (as K z = -\JT Z by (14)). 
Consider two cases. 

to ^ 3. We first reduce the proof to the case to = 3. Indeed, let m > 3. For a generic triple of vectors 
X,Y,Z <G m, the subspace m' = Span(X, Y, Z, JX, JY, JZ) C m is a Lie triple system tangent to a 
totally geodesic CP 3 c CP m . Moreover, if K satisfies condition (14) (so that K Z J + JK Z = 0), then 
K' (in the notation of Remark 3) also satisfies condition (14) on m', as m' is J-invariant. Then, assuming 
the claim of Proposition 3 to be true for M = CP 3 , we obtain that ($(X, Y),Z) = (K X Y, Z) = by 
Remark 3. So we can assume that m = 3. 

For a nonzero V € m, take X,Y,Z _L V, JV in (32), act by the left-hand side on V and take the inner 
product with JV. We obtain axYz{TzX, Y) = for such X, Y, Z. In particular, taking Y = JX and 
an arbitrary Z € m we get TxJX = TjxX. Polarising this equation we obtain 

(33) T X Y - T Y X = Tj Y JX - T, X JY, T X JX = T JX X, 

for all X, Y e m. 

Taking Z = e% in (32), acting by the left-hand side on e; and summing up by i, where {ei} is an 
ortho normal basis for m we get (using Lemma 6(1), the fact that JTx+TxJ = and that J^ P ei e i = 0, 
which follows from (33)) 3<f>(X, Y) = T JX Y - T JY X + 2 £,(T ei ^, Y) Je t , so 

(34) 3(*(X,Y),Z) = (T JX Y,Z) - (T JY X,Z) - 2(T JZ X,Y). 

It follows from (33, 34) that $(X,JX) = and that a XY z(^(X, Y), JZ) = 0. Taking the inner 
product of (32) with J we get <j X yz{T z X,Y) = 0, for all X,Y,Z e m. Then from (33, 34) we 
obtain $>(X,Y) = J(TyX — TxY). But then the sum of the last two terms on the left-hand side of 
(32) commutes with J, while the first term anticommutes with J (and the second term vanishes, as 
<7xyz{T z X, Y) = 0). It follows that <j X yz((JX, Y)T z ) = 0, which implies T = 0. It follows that $ = 
and K = 0, as required. 

to = 2. Then Mq = CP 2 and we can additionally assume that $ = 0. Taking the inner product 
of (32) with J and using the fact that T Z J + JT Z = we obtain that <t X yz((T z X,Y)) = 0. The 
subspace of those T £ so (4) which satisfy TJ + JT = is spanned by two elements J2,<h which 
can be chosen to satisfy J 2 = Jf = —id, JJ2 = J3 (so that Span(J, J2, J3) is one of the factors 
of 50 (4) = 50(3) © so(3)). It follows that T z = (a,Z)J 2 + (b,Z)J 3 for some a, b <G tn. Then the 
equation (t X yz{{T z X, Y)) = implies (a,Z)J 2 Z + (b,Z)J 3 Z + (J 2 Z) A a + (J 3 Z) A b = 0. Taking 
the inner product with J wc obtain that b = —Ja, so Tz = (a,Z)J 2 Z — (Ja, Z)J$Z. From (32) we 
get a X Yzh(JX,Y)T z + (T X Y - T Y X) A {JZ)) = 0. Take Z = a, X _L a, Ja and Y = JX. Then 
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T x =T Y = and T z = \\a\\ 2 J 2 and we obtain ||a|| 2 (2||A|| 2 J 2 + (J 3 X) A (JX) - (J 2 X) AX) = 0. Acting 
on X we get 3||a|| 2 ||X|| 2 J2X = 0, so a = 0. It follows that Tz = and hence K = 0, as required. 

M = MP d , d^2. Let {Ji,J 2 ,J 3 — J1J2) be the quaternionic structure. Define the orthogonal 
projections ir d : so(m) — > Sp(d) and m : so(m) — > sp(l) = Span( J 1: J 2 , J3) by 7r d i = |(i — X)i=i JiLJi) 
and 7TiZ< = — 5Zi =1 (J», •£)■/», where n = 4d. Clearly 7r<z7Ti = 7ri7r<i = 0. For X,Y E m, we have (up to a 
constant factor) 

adpf.yj = X A y + V 3 (2<J;X, F) J, + (JiX) A (J^)) = (fwn + 4n d )(X A K). 
Substituting this into (13) we obtain 

(35) axYzilnin + 47r d , ad Kz ](A A Y) + ${X, Y) A Z) = 0. 

By condition (14), for all X E m, K x belongs to the (sp(l) © sp(<f))-module (sp(l) ffisp(d)) 1 - C so(m), 
which gives ttiKx = itdKx = 0, that is, Kx -L Ji and ifx = 5Z i=1 JiKxJi- Moreover, 7Ti ad^ x 7Ti = 
I'd adif x 7Ti = 7Ti adif x 7r d = Tr d &d Kx 7r d — 0. 

Therefore projecting (35) tosp(d) andtosp(l) we obtain TT d a X Yz{^&A Kz {X AY) + <^(X, Y) l\Z) = 
and axYZ^i {n &&k z (X A Y) + $(X, 7) A Z) = 0, respectively, which gives 

(36) n d axYz(T(X,Y)AZ)=0 1 where T(X,Y) = 4(K X Y - K Y X) + $(X,Y), 

(37) a X Yz( J t Z, n(K x Y - K Y X) + $(A, y)) = 0. 

The above equations still hold in m , the complcxification of m, if we extend all the maps and the 
inner product by complex linearity. We have m c = E\ © E_±, where E±\ are the (±i)-eigenspaces of J\. 
The subspaces E±\ are of dimension 2d and are isotropic relative to the inner product. Moreover, the 
operators J 2 , J 3 interchange the subspaces E±i, and for any X E E e \, s = ±1, we have J 3 X = —eiJ 2 X. 
Substituting Xj E E s a, j = 1,2,3, Sj = ±1, as X,Y,Z into (36) we obtain 

(38) eri 23 (((id + e 3 iJi)T{X u X 2 )) A X 3 + (J 2 (id + e 3 U 1 )T(X 1 , X 2 )) A (J 2 X 3 )) = 0. 

Note that (id + e\Ji)Y is twice the i?_ £ j-component of Y E m c . First consider the case when e\ — 
e 2 = e 3 = e. Acting by the left-hand side of (38) on Y E E € \ such that (Y,J 2 Xj) = 0,j = 1,2,3 
(such a nonzero Y exists, as dimi? £ i — 2d > 4), we obtain that (T(Xi,X 2 ),Y) = 0, hence the E- e i- 
componcnt of T(A"i, X 2 ) lies in Span(J2A"i, J 2 X 2l J 2 X 3 ), for any linearly independent X\, X 2l X 3 E E s i, 
therefore it lies in J 2 Span(Xi, X 2 ). As dimE e [ — 2d > 4, it follows that the -E_ e i-component of 
T(Xi, X 2 ) equals J 2 (X\ A X 2 )p_ e , for all Xi,X 2 E E e \, for some p_ £ E E- e \ by Lemma 8(1). Now 
suppose that S\ = e 2 = —s 3 = e in (38). Acting by the left-hand side of (38) on Y E E e \ such 
that(y J2X1) = (Y,J 2 X 2 ) = (Y,X 3 ) = 0, we obtain {T{X U X 2 ), J 2 Y) = (T{X U X 3 ),Y) = 0, for any 
Xi,X 2 E E e i, X 3 E E_ e \ such that X\,X 2 , J 2 X 3 are linearly independent. From the first equation it 
follows that the i£ e i-component of T(Xi,X 2 ) lies in Span(Ai, X 2 ), hence it equals (X\ A X 2 )q- e , for 
all Xi,X 2 E E e i, where q- e E E_ e \. From the second equation it follows that the _E_ £ i-component of 
T(Xi,X 3 ) licsinSpan(J 2 Ai, X 3 ), so it equals (X 3 , a e ) J 2 X 1 + (J 2 X 1 , b e )X 3 , for all X 1 E E ei , X 3 E E_ eU 
where a e ,b £ E E- e \. Combining these we find that there exist pj E m c , j = 0,1,2,3, such that 
T(X, Y) = (XA Y) Po + E - = i Jj (X A Y)p 3 . 

As T(X,Y) is real when X and Y are real, we obtain that pj E m. Substituting into (36), taking 
the inner product of the resulting equation with J\ and choosing X, Y _L po,p 2l p 3 we get (((Z,po)Ji + 
{Z,p 2 )J 3 — (Z,p 3 ) J 2 )X,Y) = 0. But the operator in the brackets is either zero or nonsingular, and in 
the latter case its maximal isotropic subspace has dimension n/2 < n — 3. It follows that (Z,po)Ji + 
{Z,p 2 )J 3 — (Z,p 3 )J 2 — 0, so po = p 2 = p 3 = 0. Similar argument with J\ replaced by J 2 shows that 
also pi = 0. Hence T = 0, so 4(^ x y - K Y X) = -$(X,Y), which by (4) implies 

(39) 4(K X Y,Z) = (*(Y,Z),X). 

Let m' C m be a four-dimensional sp(l)-invariant subspace. We have Jitn' C m', and so m' is a Lie 
triple system tangent to a totally geodesic sphere. Restricting K and <& to m' as in Remark 3 we 
obtain from (13) that the projection of <7xyz(®(X, Y) A Z) to so(m') is zero, for all X,Y,Z E m'. 
By Lemma 8(2), this implies that ($(X,Y),Z) = 0, for all X,Y,Z E m'. It now follows from (39) 
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that (KxY,Z) = 0, for all X,Y,Z E m'. Now suppose m'^m^ C m are four-dimensional, orthogonal, 
sp(l)-invariant subspaces. Then ad[[/.y] mi C m^, for U, V & m 2 , so for A, Y, Z E m^ we get ((mri + 
4Tr d )(adK z )(XAY),UAV) = ((KzXJAY-(KzY)AX,(mr 1 +4Tr d )(UAV)) = ((K Z X) AY- (K Z Y) A 
A, a.d[u_v]) = — 2(ad[j/,y] Y.KzX) + 2(ad[c/ i y] A, KzY) = 0, as a,A[uy\ m' x c m^ and Kzm\ _L m^ since 
Ze m^. Then taking the inner product of equation (35) with UAV, where X,Y, Z E m[, U, V E m' 2 , and 
using (39) we obtain a XY z ELi(^^ y >( $ (^ J i U ) ~ &(U,JiV),Z) = 0. Now taking X = J lP , Y = 
J 2 p, Z = J 3 p, for some p € m[ we get X) i=1 ($(V, Ji?7) — $([/, JjV), J^p) = 0. This is true for any 
p _L m 2 , but also for p e m' 2 , as ($(m 2 , m 2 ),m 2 ) = 0. It follows that £)? =1 Ji($(V, ,7*17) - $(17, JiV)) = 
0, for all U,V € m' 2 , so taking U = J t V we get J 2 (-$(V, J 3 F) + $(J 2 V,JiV)) + J 3 ($(V, 7 2 ^) + 
$(JsV, JiV)) = 0. On the other hand, from (39) and the fact that for all Z £ m, tt^z =0we 
obtain that $(A, V) + £)? =1 $( J 4 A, J t Y) = 0, for all X, Y £ m; substituting V = J 2 A and Y = J 3 X 
we get $(X, J 2 A) + $(JiX, J 3 X) = $(X, J 3 X) + $( J 2 A, JiX) = 0. Then the above equation gives 
- J 2 $(V; J 3 F) + J 3 $(F, J 2 F) = which implies J 2 $(F, J 2 F) + J 3 $(V, J 3 F) = 0, for all V £ m. As a 
similar equation is satisfied for any two of three subscripts 1, 2, 3 we obtain that <&(V, JiV) — 0, for all 
V Em and all i = 1,2,3. 

Now from (37), (4) and (39) we obtain a XY z(JiZ,^(X,Y)) = 0. Substituting Y = JiX and using 
the fact that $(X, J Z X) = we obtain (X, $(X, Z)) = -(J 4 A, $(J t A, Z)), for all I,Zem and all % = 
1,2,3. But then (X,$(X,Z)) = -(JiX,$(JiX, Z)) = (J 2 J 1 X,$(J 2 J 1 X, Z)) = (J 3 X, $(J 3 X, Z)) = 
-(X, $(A, Z)). It follows that ($(X, Z),X) = 0, for all X, Z e m, so the map (X, Y, Z) ^ ($(A, F), Z) 
is skew-symmetric and hence $ = by (4). Then by (39), K = 0. 

Mo = OP 2 . For any nonzero vector X E m, the stabiliser of X in P = Spin(9) is Spin(7); it acts 
transitively on the unit spheres in the root spaces (that is, in the eigenspaces of the Jacobi operator 
{Rq)x) [Nag, Corollary 2.26a]. It follows that for any nonzero root vector Y, both X and Y belong to 
a Lie triple system m' E m tangent to a totally geodesic HP 2 c OP 2 . By Remark 3 and from the above 
proof we get ($(X, F),X) = 0, which by linearity implies (<fr(X, Z),X) — 0, for any Z Em. It follows 
that the map (X, Y, Z) \-¥ ($(X, Y), Z) is skew-symmetric and so $ = by (4). 



8. Spaces SU(3)/SO(3) and SL(3)/SO(3) 

In the case when Mo — SU(3)/SO(3) or SL(3)/SO(3), the claim of Proposition 1 (and Proposition 3) 
is false, as we show below. Note however, that if a symmetric space Mo is reducible and contains 
SU(3)/SO(3) or SL(3)/SO(3) as one of the factors (and has no factors of constant curvature), then the 
claims of both the Theorem and Proposition 1 still hold. 

Let Mo = SL(3)/SO(3) (the dual case is similar). Then m is the space of symmetric traceless 
3x3 matrices and f) = so (3). We have the following f)-module irreducible orthogonal decomposition: 
A 2 m = P 7 8 ad(fj). By (14) K x € P 7 , for all X E m. It follows that K E m P 7 . The latter is 
a 35-dimensional so(3)-modulc whose irreducible decomposition is well-known [Fr2, BN]: m <£> P-j ~ 
P3 © Pj © P7 © P) © P11, where P 2 /+i is the unique irreducible so(3)-module of dimension 21 + 1. The 
solution space P of the pairs (K, $) which satisfy equations (4, 13, 14) is an so(3)-module. As by 
equation (13), $ is uniquely determined by K and satisfies (4) (Remark 4), the module P is isomorphic 
to a certain submodule of m®P~j. A computer assisted calculation shows that dimP = 14. The module 
P contains a three-dimensional submodule defined as follows: for L E so (3), set 

(K X Y,Z) =Tr((}X[Z,Y]-ZXY)L), ($(F, Z),X) = Tr((X[Z,Y] + 2ZXY)L). 

(the fact that (4, 13, 14) are satisfied can be checked directly). From the above decomposition it follows 
that the complementary submodule is an irreducible so(3)-module isomorphic to P\\. Taking the real 
part of the highest weight vector in the complcxification of m®P 7 we obtain, relative to the ortho normal 
basis ei = (Pi 2 + E 21 )/V2, e 2 = (P 13 + E 31 )/ y/2, e 3 = (P 23 + £32)/ A e 4 - (P11 - E 22 )/V2, e 5 = 
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(-E11 + £-22 — 2£ , 33)/\/6 for m, that this module is defined by the element 
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K e2 = K e3 = K e5 = 0, 



and then ($(Y, Z), X) = ^(K X Y, Z), for all X, Y, Z <G m (and again, the fact that (4, 13, 14) are satisfied 
can be checked directly). 

Based on the fact that the dimension of the solution space is large, one may suggest that there 
indeed exists a five-dimensional Ricmannian space having the same Weyl tensor as the symmetric space 
SL(3)/SO(3) (or SU(3)/SO(3)), but not conformally equivalent to it. Note that such a space, if it exists, 
must not be Einstein (by Lemma 6(3)) and must have a constant scalar curvature (by Lemma 6(1) and 
(3))- 
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